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Lecture Overview
U Rings

Q Fields

U Polynomials over rings

Welcome to this lecture. So, the plan for this lecture is as follows. In this lecture we will
discuss about rings, fields and polynomials over rings.
(Refer Slide Time: 00:30)
Ring: Definition (84
aa se with binary operations ”i” and " over R, is called a ring if all the following hold:
(R, 'i') is an Abelian group
» ¥a,b R theelementa+ b ER  » Va,b,c€R, (a+ b@ c=a+ (b@) c)holds
» There exists an element 0 € R, such that forVa€R:a+0=0+ a=aholds

» ForVa € R, there exists an element (—a) € R:a + (-—7)‘= (-a)+ a=0holds
» ForVa,b€R:a +b=b+ aholds
'Z:/R:g: The operation ”=-” satisfies clﬁge, Lss_o_cEtMty and identity properties
> V@_b € R, the element w » Va,b,c€R, (a:b):c=a-(b:c)holds

7 There exists an eIementl € R, suchthatforVa € R:a-1=1-a = aholds

°:}3 Ya,b, c € R, the foIIowm distributive Iaws hold:
> a0(b+¢) = @ b L

So, let us begin with the definition of a ring. So, we denote our ring by this notation R and it

is an algebraic structure. So, namely a set, set of values, it could be a finite set, it could be
infinite set, so, it is a set and there are 2 operators plus (+) and dot (-) which are defined over
the elements of this set. I stress that these are not integer plus and integer dot they are just

some abstract operations.
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But for the sake of notation we are using this plus notation and dot notation. So, we will say
that this set R along with these 2 operations plus and dot will be called a ring if all the
following ring axioms are satisfied. Axiom number 1: we need the set R to satisfy the
properties of an abelian group with respect to your + operation and what are the properties

that we require from an abelian group.

We need closure property, we need plus operation to be associative, we require the presence
of some special identity element which we denote by this ‘0’ such that if you perform the
plus operation with element a you should get back the element a for every element a from the
set R. We need the presence of additive inverse and we need the operation plus to be
commutative. So, this is the first requirement from the set R and operation + namely it has to

satisfy the properties of an abelian group.

The second axiom that set R should satisfy is the following: we require that the dot operation
should satisfy the closure property namely, you take any pair of elements (a, b) from your set
R and you perform the dot operation you should get back again an element from the same set
R. We require the dot operation to be associative. That means, it does not matter in what

order you perform the dot operation on 3 elements, you should get back the same answer.

And we demand the presence of an identity element with respect to the dot operation. So, I
denote the identity element if at all it exists by this element 1. I again stress that in abstract
algebra, this is just a notation this does not mean numeric 1 or integer 1. So, this element 1
should satisfy the property that if you perform the dot operation with 1 and any group
element; any element from the set R you should get back the same element a. So, this is the
second ring axiom and the third property or the so called third ring axiom that needs to be
satisfied is that your dot operation should be distributive over the plus. Namely, if you take
any triplet of elements from the set R called them as a b c, then it does not matter whether
you first perform the plus operation on b and ¢. So, you will get one element from the set R
because the set operation plus will satisfy the closure property and if you now perform the dot
operation on the result and a then the result should be the same as if, if you perform the dot
operation involving a and b, you perform the dot operation involving a and ¢ and then if you
perform the final plus operation and we need the distributive property to hold both in the left

sense as well as right sense.
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And namely, we need to satisfy both the left distributive property as well as the right
distributive property. So, the distributive property that I had just discussed is called as the left
distributive property. We need the dot to be distributed over plus even if dot is after the plus.
So, if all these 3 properties R1 R2 R3 are satisfied, then we will say that the set R along with
the abstract operations plus and dot constitutes a Ring (R, +, -).
(Refer Slide Time: 05:08)
Ring: Example
Q The se@ {0,++,N — 1} with operations@ and@ constitutes a ring
“R1: (Zy, is an Abelian group 162,

“*R2: The operation@satisfies closure, associativity and identity
propertiesin Zy

“*R3:Va,b,c € Zy, the following distributive laws hold in :
>0 0t = @)ty @) int 2,y

»@+yb)yc=(a-yc)+y(b-yc) C:q:l’

QN =27%,25, 2128, 2% constitute the special case of integer arithmetic
performed in computers

So, let us see some examples for ring. So, recall our set Zy is the set of integers 0 to N - 1 and
suppose | take 2 operations here: plus operation is the addition modulo N (+y) and my
multiplication operation is multiplication modulo N (‘) and my claim is that with respect to
these 2 operations, my set Zy satisfies all the ring axioms. So, it is easy to verify that indeed
the collection 0 to N - 1 along with the operation addition modulo N constitutes an abelian

group we had already proved in our earlier discussion.

And it is also easy to verify that if we consider the multiplication modulo N operation then it
satisfies the closure property, the operation is associative and identity element is actually the
numeric 1, integer 1 which is actually present in your set Zy. If you multiply 1 with any
element from the set Zy and then take modulo N you will get back the same element and it is

easy to that the distributive property is indeed satisfied.
That means you can distribute this multiplication module N over plus modulo N both in the

left sense as well as in the right sense. So, that is why all my ring axioms are satisfied and this

ring Zx with respect to the operation plus modulo N and multiplication modulo N is a very
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special ring. Because typically in our computers in our programming in our computers we
have registers we have either 32 bit registers, 64 bit registers or even if you have powerful
processor then you have 128 bit registers, 256 bit registers, where you can save values using
either 32 bit or 64 bits or 128 bits or 256 bits and so on and if you add any two 32 bit number,
then again you get back a 32 bit answer and so on. So, if you consider say for instance your C
programming language; in older version the integers used to have 32 bit representation and
you add any 2 integer values; again you used to get back an integer value which can be

represented by 32 bits.

So, implicitly there the operation that we are performing are addition module N and
multiplication module N; namely if [ say int a, b, ¢ and if I perform ¢ = a + b then internally |
am actually performing a + b modulo N where N is 2°% if the integers a b ¢ are represented by
32 bits whereas my N will be 2°* if my a b ¢ are represented by 64 bits and so on. So, this is a
very useful ring used because our internal processors in computers perform operation with
respect to addition modulo N and multiplication modulo N.

(Refer Slide Time: 08:31)
Invertible Elements of a Ring

O Let (R, +, -) bearing i

* Every element in R need ngte have an inverse with respect to “()" operation
fo,2,3
» Ex:In (Zy, +4,4), element 2 does not have an inverse with respect to -

Q U(R) & {x € R: x has an inverse with respect to “ - " operation}

—

|
V}EU(R)Hu:x-lt:u-x:l .,cl/;z’
% the element u is unique for every x € U(R) and denoted by@
?io, -}

Q Ex: For the ring (Zy, +y, *n), the set U(Zy) = {x € Zy: GCD(x, N) =1}

N:p
% Forthe ring (Z,, +p, ), where p is a prime, the set U(Z,) = Z;

——

So, the next thing that we want to discuss is the invertible elements of a ring. So, imagine you
are given a ring and if you see closely the ring axioms, it turns out that it is not the case that
every element should have a multiplicative inverse. Again, without loss of generality, I am
considering this dot operation in the multiplicative sense. But again and again I stress that this

is not the usual integer multiplication.
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So, if you see the ring axioms it is not necessary that every element have a multiplicative
inverse, you need the presence of identity element 1, but it is not necessary that every element
has a multiplicative inverse. So, for instance, if I take this ring, Z4, where my Z, is the
collection 0, 1, 2 and 3, then there are several elements which do not have any inverse with

respect to the multiplication modulo 4 operation.

So, for instance the element 2 does not have any inverse. You multiply 2 with 0, you get 0.
You multiply 2 with 1 and then take mod 4 you get 2, you multiply 2 with 2 and take mod 4
you get 0 and so on, you never get a result which is 1. So, the element 2 does not have
multiplicative inverse here. So, now what we are going to do is we are going to define a
special set which I call as U(R) and U(R) is basically the collection of all invertible elements

with respect to the multiplication operation.

So, it is the collection of all elements x from your set R for which you have the guarantee of
presence of some element u such that if you perform the dot operation with x involving x and
u, you get back the multiplicative identity element and if you have an element x present in the
set U(R) then the corresponding multiplicative inverse we denote by this notation (x™') again I
stress that this does not mean, that I am talking about 1/x this is just a representation;
representation of the unique value u which when multiplied with x gives you the identity
element 1. So, let us see some examples of the set U(R); if I again consider the same ring Zy
then we know that the invertible elements of the set Zy are those elements x in the range 0 to

N - 1 which are co-prime to N.

Because we have proved that multiplicative inverse with respect to multiplication modulo N
of a number x exists if and only if x is co-prime to N, that means, if I consider my N to be a
prime number p then this set you U(Z;) will be nothing but all the elements except 0 in the
range 0 to p - 1 because 0 would not be co-prime to p.

(Refer Slide Time: 12:06)
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Invertible Elements of a Ring Form a Group

f_\ R) ¢
U Let .+ ) be aring. Then (U(R), )constltutesa(sub)group VRIS K

Recap (Characterization of subgroup): If |s agroupand H C G,
such that Vx, y € H, element (x - y) € H,then (IHI ) is a subgroup

1
 Closure: Con5|derarb|traryx XxyE€ Qg_) 3 1y 6 (R @
@@exm and both belongs to UR)  //(x”1)"" = x € U(R)

» To show that x - y € U(R), we need to show that((x - y)~Yexists @
=) . Aev
. CIaim:(EU(lR) (%Ligi)l Bev(g
o (1) G a)=(xGy ™) xt=x

&
o Theelement (y~ -x‘l)ell@), as its inverse is@

So, now we can prove some interesting properties for this set U(R). We can prove that if you

are given a parent ring and parent ring in the sense that my set U is defined with respect to
this ring R then if I consider the set of all invertible elements from this ring with respect to
the multiplication operation then that collection constitutes a group and we are going to prove

this.

So it constitutes a group in the sense that it will be actually a subgroup of your set R. Because
your set U(R) will be a subset of your bigger set R. So, basically what we want to prove here
is that the collection of invertible elements with respect to the dot operation constitutes a
subgroup of your original ring R and for this what we have to do is we have to recap the

characterization for a subgroup which we had seen in our earlier discussion.

So, recall we proved that if you are considering a group, parent group and dot operation and
if you take any subset H of that parent group then it will constitute a subgroup with respect to
the dot operation if the closure property is satisfied, if you just prove that the closure property
is satisfied that automatically ensures that all other properties are also satisfied. So, what we
have to prove is the following. To prove this theorem that the collection of all invertible
elements of an abstract ring constitutes a subgroup with respect to the dot operation, we just
have to prove that your closure property is satisfied in this collection U(R). So, for proving
the closure property we have to show the following : you take any 2 elements x and y from
this set U(R), the element x - y is also a member of U(R) that is what we have to prove this is

our goal.
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And recall our definition of U(R) is that an element is considered to be present in U(R) if it is
invertible. So, basically we have to show that x -y is also invertible. So, the first thing to
observe is that since I am considering that element x as well as element y are invertible let me

denote the multiplicative inverse by x inverse and y inverse : x' and y™' respectively.

Now, my claim here is that the elements x' and y™' they also individually belong to this set
U(R) that means, I can say that element x”' itself is invertible and I can say that element y™'
itself is invertible this is because, the definition of inverse says that if x multiplied with x™'
gives you 1 I can interpret it as if that x inverse. So, here this x™' is considered as the inverse

of x.

I can also consider that x is the inverse of x™'. This is because if b is the inverse of a then I can
consider a as the inverse of b and vice versa. So, that is why I can say that since x is
invertible and T have the guarantee of presence of x™'; similarly if y is invertible I have the
guarantee that y'1 is present, I can say that both these elements are themselves individually

invertible.

And hence they also belong to the set U(R). Now, what we have to show remember our goal
is to show that x -y is also invertible because we have to show that it belongs to the set U(R)
that means, I have to show that there exists some element x -y" which when multiplied with x
-y will give you the identity element and my claim is that the inverse of x -y is nothing but y

-1
‘X .

This is because if you multiply y' -x"' with x -y and then if you use the associative law and
then rearrange the terms you get the identity element. So, that shows that this element is the
inverse of this element and the second thing that we have to prove is that this element y™ -x'
is also an element of U(R) and that simply comes from the fact that we have proved that it is

the inverse of x -y.

So, since we have so what we are basically saying here is that since I have shown that; call
this element (x *y) as A and call this element (y"' -x™') as B. So, what we have shown here is
that A is the inverse of B and B is the inverse of A that means, I can say that both A is an
element of U(R) because it is invertible and I can say that B is also an element of U(R)

because it is invertible and that is what we wanted to show here.
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(Refer Slide Time: 18:29)

Fields & 1(avs)

a (LF +, ) is afield if all the following hold \ g £1An0
% FL: (F, 1) is an Abelian group

22 @(IF —{'0"}, -)isan Abeliangroup | Afield is aring, where every

i F3:¥a, b, c € F, the following >_non-zero element is invertible
distributive laws hold: UGF) =F - {0")

‘tz-ibbJ;C)=((a-b;:Z-c; y (1-8)’@:
g O'C =, ol 4 w?mv«m
(Zpﬂv&hebre?) is a prime, |saf|eld //U( ») =L, -0

D‘ya field (F, 1, »), ifx2y =0, then either x () o0y = 0) ny #o

» Contrapositively, |fx #0 and y£0 0, thenx” y__ Lexist

» Consequently, (y ™+ x™1)is the inverse of x « y, implying x - y # 0

So now what we are going to do is we are going to extend our definition of ring to another
interesting algebraic structure which we called as a field. So a field is an algebraic structure it

a set of values and there are 2 operations; 2 abstract operations plus and dot, which are
defined over the elements of this set I' and we will say that all together this collection I

along with the operation + and - is a field if the field axioms are satisfied.

So, what are the field axioms: the axiom number 1 is that the set I along with the plus
operation should constitute an abelian group. The second property that we demand here is the
following if I exclude the additive inverse and see I have written down here 0 in quote and
unquote - it is not integer 0 it is just a representation for denoting the identity element with

respect to the plus operation.

So, what I am saying here is that if I exclude the additive identity element, then all the
remaining elements of the set I, together with the dot operation satisfies the properties of an
abelian group and the third property the third field axiom that needs to be satisfied is that
your dot should be distributive over plus. So if you see; closely these axioms F1 F2 F3 and

compare it with your ring axioms R1 R2 R3.

You can easily identify that your field is a special type of a ring, where every non-zero
element is invertible with respect to the multiplication operation. So remember recall in
axiom number R2 is when we considered a ring axioms, we never demanded that with respect

to dot operation, all the elements should be invertible and so on, no such demand was there,
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but now, I am putting a demand that, [ am giving you the liberty, I am giving you the freedom
to exclude the 0 element O element in the sense the additive identity element; all other
remaining elements should have multiplicative inverse and if that is the case then I can say
that my ring is a field. So in other words, with respect to the set U that we have defined just
now, so remember U is a collection of all elements which are invertible with respect to your
dot operation. So I will say that my set I is a field if all the elements except the 0 elements
are invertible, namely, the set U(F) is entire set F excluding the elements 0. So now it is easy
to verify that if I consider a prime modulus then the set of integers, 0 to p - 1, which is
nothing but the set Z, along with the operation addition modulo p and multiplication modulo

p satisfies the field axioms.

Because the set of all invertible elements in this collection is the entire collection excluding
the numerical 0 because here the numerical 0 is actually your additive identity. Now an
interesting property in the field is the following. If I am given a field with an abstract plus
operation and an abstract dot operation and if it is given that the result of x - y 1s 0 again |

stress this is the abstract dot and this is the abstract 0.

Do not consider it as to be the usual multiplication and numerical 0. So, if x - y is 0, then we
can safely conclude that it is either the case that your element x is 0 or the element y is 0 that
means it will never happen that you take 2 non-zero elements and if you perform the dot
operation you get a 0 element that would not happen in a field I stress this is true for a field

you can verify this may not be the case for a ring.

So, how do we prove this. So this is an if-then statement, your if condition is this and this is
if-then part. So, I will give up proof by contrapositive. So contrapositively; what will be the
contrapositive here since an OR is involved here and you have x = 0 OR y = 0, if I put
negation in the in front of this x =0 OR y =0, I get x # 0 and OR gets converted into AND
because remember logically if you take negation of a OR b, then that is logically equivalent
to negation of a AND negation of b. So contrapositively I want to show here that if x # 0 and
if y # 0, then x - y # 0. That is what I want to show here. So, let us prove that so since x # 0
and as per the field axioms, every non-zero element has a multiplicative inverse. So let me
denote that multiplicative inverse by x'. Similarly, y is non-zero. So, it will have a

multiplicative inverse let me denote it by y"'. Now, as we had proved earlier, that, if you
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multiply x - y with y"' - x™' you will get back the identity element. That means, I can consider

the product of y"' and x™' to be the inverse of the element x - y.

That means, I can say that the element x - y is invertible and if the element x - y is invertible,

then from the field axiom F2 we can conclude that element x - y was not a 0 element and that
shows that whatever we claimed here is correct.

(Refer Slide Time: 25:07)

Polynomials Over Rings 42,5,

@ . . “n: . S

U Let (R/+, +) be a ring where operation “” is commutative 06)) 2+ 341

* A polynomial of degree@over@ is of the form: ) Ly bt

=q,  x" gl h 0 .'f“““
a(x) =ay X" +ap_ x" 4 +ay wherea, #0and a,, -, a, ER

‘:z" Set of all polynomials ote¥ R Q:"a ‘(‘M"”S

Qletalx) =a,- Bt ag and b(x) = by, + x™ + 4 by, where@

< Ifn > m, then we can assume by, = =b, =0 Nl n=m
MWJ\’
a(x) +b(x) € (@, Db,)  x™ + -+ (ag+by)
ASAAN MAAAN
a(x) +b(x) & (ay by) - x™™ + -+ (ag by + ay - by) - x + (ag - by)

% All 4" and @operations above are done ove

Now, the next thing that we want to discuss here is the polynomials over rings, which is a
very important concept used in computer science. So, imagine you are given a ring with some
abstract plus an abstract dot operation and imagine that your dot operation is commutative.
Now, if I want to define a polynomial of degree n over this ring R it will be of this form
a(x) = a, " x"+a,_;-x"" 1+ --+ayand this is very much similar to the notion of

polynomials that we are familiar with.

We are very much familiar with polynomial over integers or real numbers and so on; if |
consider a polynomial of the form 2x* + 3x + 1 then I say that this is a polynomial of degree 2
because the highest power is x* with coefficient 2 we are more or less trying to define the
same concept where in the case of usual polynomials the plus operation is the integer plus

operation and 2 times x” should be treated as 2 multiplied with x*.
So, we are just extending those plus and dot operation with respect to an abstract ring, that is

what is the generalisation here. So, we are basically generalising the existing definition of

polynomials that we are aware of with over integers to any abstract ring. So, here we have
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saying that the polynomial will have the form a, - x", a,.; - ™' and so on and everything

added together.

Since my degree is n my restriction will be that the coefficient a, will be non-zero all other
coefficients are allowed to be 0 and each of these coefficients are from your set R and your
plus operation and your dot operation are the ring operations; they are not integer plus or
integer dot operations. So, now, if I consider the set of all polynomials of various degrees that
are possible over this ring R, I denote that infinite set by this notation R [x]. So, now, my x is
no longer in regular parenthesis they are now within square parenthesis. So, this is just a
notation that you are taking polynomials of degree n = 0 followed by all polynomials of
degree n = 1 followed by all polynomials of degree n = 2 and so on. So, it is easy to see that
this is an infinite set because I am taking all possible polynomials of various degrees which is

a never ending process.

Now, let us see how we define the operations of polynomials over ring. So, we know how to
add 2 integer polynomials. So, if I am given 2 polynomials, say a polynomial 2x* + 3x + 1
and say another polynomial 5x + 2 say this is my a(x) polynomial this is my b(x) polynomial
the usual way to add these 2 polynomials is the following since there is no term is involving
x” in b(x), I can imagine that it has some 0 times x* present implicitly, so, that I can now
safely assume that both a(x) and b(x) are of the same degrees and then I can say that you
position wise add the various coefficients, so, 2 + 0 will give you 2, 2 x” then the coefficient
of x will be 5 + 3 and the constant coefficient will be 2 + 1 = 3, that is the usual way of
performing addition of integer polynomials, we are now extending the same definition to

polynomials over abstract rings.

So, imagine you are given 2 abstract polynomials arbitrary polynomials over a ring and for
simplicity and without loss of generality assume that the degree n is greater than equal to m.
Now, if n is not equal to m, then as I have done for the case of integer polynomials, I can
substitute higher order coefficients in the b polynomial with 0 and then I can safely assume
that n = m then the way I perform the addition of these two ring polynomials is that, I
component wise take the coefficients of various powers of x from the a polynomial b
polynomial and I add them where my addition will be now, the addition operation over the
ring and of course, these dot operations are the dot operation over the ring in the same way, I

extend my notion of multiplication of 2 integer polynomials to multiplication of 2 ring
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polynomials. So, again what I do here is if I take the product of 2 polynomials of degree n
and m respectively, the polynomial will be now of degree n + m and these will be the various
coefficients and again and again I stress that all this plus and dot operations are the dot and
plus operations over my ring R, they are not the usual or traditional plus and dot operations.
(Refer Slide Time: 30:54)

Polynomials Over Rings $3. %"~

0y -%

Qleta(x) =a, -x"+-+ay and b(x) = by, - x™ + - -I;bo,wherean

S0 ala) +D() =55+ -+ 5 15 =G@b)

P00 £ 0(0) - b() = Py X 4ty MB) B=(a0"bi+ 0y by +
- 0‘12. +a1 b()) '°1‘-zll

Rﬂ
; = 9.2 = :
QEx:leta(x) =2x“+2x+1 and b(x) = x +2, belongmgto %3
a(x)+b(x)—2x2+(2+1)x+(2+1) =2+ 0x+0 =2
a(x) b(x) = (2] D +(2:2+2-1 2+2 Dx? +(2:2 2+1 1)x+(1 2)

f\ k2 R
040X+ 2+ 2= 20 4 2042 i

D If R, 4+, *)isaring where operatlon.ls commutative, then

+ +) constitutes a ring where operation “” is commutative

So, if I denote s(x) to be some polynomial then let us denote the coefficients of this sum
polynomial to be s, s, up to sp and it turns out that the coefficient of x' which is denoted by
s; will be nothing but summation of the coefficient of x'in the a polynomial and coefficient of

X' in the b polynomial where the plus operation is over the ring.

And in the same way, if I denote p(x) as the product polynomial and if I denote the
coefficients of the product polynomial as py + m, Pn+ m -1 Up to po and it turns out that the
coefficient of x' will be this expression (ag*b; + a4 b;_1 + -+ a; - by) where all the dot
and plus operations are over the ring. So, let me demonstrate for you, whatever we have

discussed with some example here.

So, imagine I consider my ring to be Z3 and my plus operation is addition modulo 3 and my
multiplication operation is multiplication modulo 3 and Z3 means the elements 0, 1 and 2.
Now, I am taking 2 arbitrary polynomials. One polynomial is of degree 2 (2x* + 2x + 1) and
another polynomial of degree 1 (x + 2) belonging to this set Z3[x]. Remember Z;[x] denotes
the set of all possible polynomials of various degrees, where the coefficients are from the set
0, 1, 2 and where my plus and dot operations are addition modulo 3 and multiplication

modulo 3. So, now let us see the result ofsummation of these 2 polynomials. So if I sum these
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2 polynomials so you can imagine that in b(x) there is no term with x*, so, you can implicitly
assume that you have 0 times x” present. So, the coefficient of x* and the sum polynomial

will be 2 + 0 modulo 3.

Because the; plus operation is plus modulo 3. So, 2 + 0 modulo 3 will give you 2. Now, the
coefficient of x will be 2 + 1 but now this is not the usual plus this is now the plus modulo 3.
So, that is why the coefficient of x will now vanish and in the same way, the constant
coefficient will be 2 + 1 but now this is 2 + 1 modulo 3 which will become 0. So, you can

now see that the summation of these 2 polynomials will be 2x”.

Whereas if I multiply these 2 polynomials then the coefficient of x> will be this 2, why x?
So, this polynomial is a(x) is of degree 2 and b(x) is a polynomial of degree 1, so, the
resultant product polynomial will have degree 3 at most. So, the coefficients of various
powers will be this; now 2 times 1 and multiplication here is multiplication modulo 3, so 2

times 1 modulo 3 will be 2.

But now if you see this term, this is 2 into 2 =4 and 4 modulo 3 will be 1 plus 2 into 1 will be
2 and 2 + 1 modulo 3 will become 0 so that is why the coefficient of x* will become 0. In the
same way this 2 into 2 will be treated as 1, 1 into 1 will be treated as 1 and 1 + 1 will be 2 and
so on. So now we can prove here that if my dot operation over the ring is commutative, then
if I consider the set of all polynomials of various degrees where the coefficients of the
polynomial are from this ring R then even with the dot operation, namely, the product of the
polynomials, if I consider this operation, then it will satisfy the; and of course, the summation
of 2 polynomials the way I have defined here. So, basically what I am saying here is that if I
consider the set of all possible polynomials over the ring. Then along with the addition of the
polynomials and multiplication of the polynomials the overall algebraic structure will satisfy

your ring axioms provided the dot operation in your ring R is commutative.

And this can be proved very easily, you can at least see that we have already seen an example
here, but it is not very difficult to prove it. We can of course prove the closure property,
associative property with respect to the polynomial addition. we can prove the closure
property, associative property with respect to the multiplication of the polynomials the
constant polynomial 0, which belongs to R[x] will be treated as an additive identity because

you add the O polynomial to any polynomial you again get back the same polynomial;
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whereas the polynomial 1 the constant polynomial 1; will be treated as the multiplicative
identity. And if you have a polynomial a(x) say with coefficients a,, a, . up to ay then it is
easy to see that, I can find out a corresponding —a(x) polynomial and —a(x) polynomial will
be nothing but will have coefficients —a, and —a, . ; and up to —ap where the minus elements
are the additive inverse elements with respect to my ring then if I perform the addition of
these 2 polynomials, I will get a constant polynomial namely the 0 polynomial. Similarly, I

can show that my plus operation is distributive over the dot operation.

Namely the addition of the polynomial is distributive over the multiplication of the
polynomials and so on, I am leaving the proof of this theorem as an exercise for you, but it is
very easy to prove.
(Refer Slide Time: 37:41)

References for Today's Lecture

DISCRETE DISCRETE
MATHEMATICS MATHEMATICS

AND ITS APPLICATIONS

SEVENTH EDMON

NORMAN L. BIGGS

(.}

So, that brings me to the end of today’s lecture these are the references used. Just to conclude,
in today’s lecture we saw the definition of fields. rings and we also discussed about

polynomials over rings. Thank you.
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