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Welcome back students for this third lecture of this module, where we are deriving the velocity
potential of the ocean surface waves. Last time we concluded with this particular slide indicating
the definition sketch of the wave motion, where we have told you what the water depth is this
figure is actually very important for understanding how this linear wave is represented. The
wavelength is given as L at the top the depth is indicated wave height H is also given no sea bed
is shown so we from this point onward will continue with our derivation.

(Refer Slide Time: 01:00)
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SOLUTION TO THE LAPLACE EQUATION:

2 2
o, %0 o

w2 (26)

+ Method of separable is used to obtain the solution to Eqn. (2.6)

* Let us assume

$(x,2,1) =X®)Z(2)T(t)

Now we have listed the boundary conditions one was w = 0 at the bottom second was we
specified free surface dynamic free surface boundary condition at the top. And now we start with

the solution of the Laplace equation. So, Laplace equation in terms of velocity potential in 2

dimension, as we have assumed X and z is ﬁ + @ =0.

o’ oy’
To obtain the solution a very simple method of separable is used to obtain the solution to this
equation which is 2.6. Our let us assume, main method of separable phi of x, z, t can be written
as X bar as a function of x it can be separated Z bar as z, T bar as t.

(Refer Slide Time: 01:55)

* Substituting Eq. (2.7) in Eq. (2.6) we get
X'IT+XZI'T=0

+ Where each prime denotes differentiation once with respect to the

particular independent variable.

+ Dividing both side of the above XZT gives
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Now, if we substitute 2.7 this equation into 2.6 because due to the velocity potential Laplace
equation properties, we are able to separate X, Z and T using the method of separable what do
we get X double bar. So, x double prime bar Z bar and T bar + X bar Z double prime whole bar
and T bar = 0. Here each prime denotes differentiation once with respect to the particular
independent variable for double means double differential. Now, if we divide both sides by X
bar, Z bar and T bar, we get X bar X double prime bar by X bar = - Z double prime whole bar by
said this is the equation that we get.

(Refer Slide Time: 03:03)

* Let this be constant = -k% ; then

X"+k2X=0 (2.8)
7" - K*Z=0 (2.9)
X = Acoskx + Bsinkx

Z=Cekz 4 pekz

Hence ¢(x, z,t) =(Acoskx + Bsinkx)(Cek? + De 2T (t)
il P

Now, see this is we let us say this is a constant - K square, then we can write 1 of the equations
from this will come X double prime bar + k squared x bar = 0 and the second one will be Z
double prime bar - k square z bar = 0, these 2 are very famous equation the solution for this is
standard. So, x bar from 2.8 can be written as A cos k x + B sine k x. Whereas Z from equation
number 2.9 solution to this type of equation is here solution to the equations of type 2.9 is this

one from equation 2.9.

We get X bar and Z bar so, we can simply write so, you see we had the solution that we all
initially assumed was phi x, z, t is X bar, Z bar and T bar so we can write instead of X bar we can
write this one instead of Z bar we can read this one and T bar remains as T bar.

(Refer Slide Time: 04:38)
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* Let this be constant = -k? ; then

X"+k2X=0 (2.8)
7" - k*Z=0 (2.9)
X = Acoskx + Bsinkx

Z=Cel?+pe ke

Hence ¢(x,zt) =(Acoskx + Bsinkx) (Ce* + De #)T ()

Now, the solutions to phi are simple harmonic in time, that is, because we know from previous
that they are waves and periodic in time. Therefore, T bar can be simply replaced as cos t or
sigma t anything it can be replaced, and therefore with each of the values of sin t or sigma t, we
have 4 forms of phi one will be A cos k x multiplied by sin, the other would be A cos k x

multiplied by cos. The other would be B sin k x multiplied by sin and then the third the fourth

one would be B sin k x multiplied by sin.

(Refer Slide Time: 05:32)

* The solutions to ¢ are simple harmonic in time requiring T(t) be replaced as

cos(at) or sin(at), thus leading to four forms of solutions to ¢, such that
* 1 =Ay(Cek” + De™*?) cos(kx). cos(at)
* ¢z =4y (Ce*” + D) sin(kx). sin(at)
* §3=A3(Ce*” + De™) sin(kx). fgs—(—_ot)

* 94=A4(Ce¥* + De™*?) cos(kx). sin(at)

So we can write 4 different terms A1 we did not touch this, so A cos k x + B sin k x multiplied
by either sin sigma t or cos sigma t. There are going to be 2 terms when we assume t as a

function of sin sigma t, and they would not mean after multiplication with this and there will be 2
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other term is if instead of sin we assume cos t bar T. So total we can write 4 terms, phi 1 will be
Al into C e to the power k z cos k x cos sigma t. Another thing would be A2 C e to the power k z

+ D e to the power - k x sin k x sin sigma t.

The third would be sine k x cos sigma t and fourth would be cos k x sin sigma t. However the
total velocity potential is going to be some of 2 of those which one we will come to it later. But
for now, we have assumed 4 different terms phi 1 phi 2 phi 3 phi 4, 1 would be phi 1 - phi 2 the
other could be phi 3 - phi 4, but that will come to later.

(Refer Slide Time: 07:01)

DETERMINATION OF THE CONSTANTS:

The constants are determined by using the dynamic free surface boundary condition

and the kinematic bottom boundary condition.

Considering ¢,

¢, =A;(Ce*” + De ™) sin(kx). sin(at) (2.10)

So, we have to see this these terms phi 1, phi 2, phi 3, phi 4 are constants Al, C, D, sigma is
related to the time period case rate to the wave period that will come to it later. But more
importantly we have to find these constants A1, C and D. So, how did it remind these constants,
the constants are determined using the dynamic free surface boundary condition and the
kinematic bottom boundary condition as you would remember, because, by the definition of the
boundary condition, we said that, there could be infinite number of solutions to a governing

equation?
However, with the application of boundary condition, we can find one or more unique solutions

to the problem that is what we are going to do. These constant will be determined from the

boundary Conditions let us consider phi 2 is one velocity potential that we have written here this
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one. So, what does it say phi 2 is A2 into C e to the power k z + D e to the power - k z into sin k
X into sign sigma t we call this equation number 2.10.

(Refer Slide Time: 08:29)

* Applying the kinematic bottom boundary condition

. B
ie, 2

az=0atz=-d

L.c! S A,(Cke™* - Dkek?) sin(kx). sin(at) = 0

Ay #0; sin(kx). sin(at) # 0 [since velocity potential exists]

If we apply the kinematic bottom boundary condition, which means fields the velocity potential
W is given by del phi del z and that will be 0 at z = - d. If you apply that del phidel zat z=-d it
will be A2 into C e to the power - k d - D k e to the power k d into sin k x sin sigmat=0=-d.
So, now there is no Z but instead of Z we have d. So, A2 is not equal to 0 otherwise there is not
going to be any wave also sin k x sin sigma t will not be 0 because there will be a velocity

potential if we substitute them to be either one of them to be 0 the velocity potential becomes 0.

So that means these 3 terms cannot be 0. Therefore, the only thing is that this be 0 and if we
utilize this we are going to get C as D into e to the power k d. So with one boundary condition
we have reduced our unknown by 1 number. C = we have related C and D.

(Refer Slide Time: 09:48)
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Substituting for C in (Eq. 2.10) and simplifying,

¢2= MzDekd

k(d+z) 4,—k(d+2) s 2
(%) sin(kx).sin(at)

¢,= 24, Dekcoshk(d + z) sin(kx).sin(at)

Now if we substitutes for C in equation 2.10 so instead, of CV put 2d into what the term that we
have got we are going to get phi 2 =2 A2 D into e to the power k d into sin k x sin sigma t or
simply we can write this is nothing but cos h k d + z. Simple trigonometry.

(Refer Slide Time: 10:37)

0y

ot |p=

- 24;,Daek? . coshkd. sin(kx). cos(at)

On assuming

* = asin(kx).cos(at) where a = wave amplitude = g and applying the free
S L__”___‘

surface boundary condition {n = i %

[@k e b v/
So, we have got phi 2 is 2 A2 into D e to the power k d cos h k d + z so we are left with A2 and
D for now. And if we do del phi del t at Z =0. We get 2 A2 D sigma e to the power k d cos hk d

we get
z=0} 8

sin k X cos sigma t and on assuming if we assume that free surface elevation is A sin k x into cos
sigma t. So, what we are going to do here is the wave amplitude that is H by 2 this is our
assumption and by applying the free surface boundary condition that eta = one by g del phi 2 del
tand Z=0.
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So, first we are applied the bottom boundary condition. On the second step we want to apply the
dynamic free surface boundary condition. So, for applying the dynamic free surface boundary
condition we need to calculate this term one by g del phi 2 del t at Z = 0. And this is what we get
this term and this we equate to eta is the free surface which = A sin k x into cos sigma t.

(Refer Slide Time: 12:13)

kd
¢ asin(kx).cos(at) = % .coshkd. sin(kx). cos(at)

o coshkd ¢
%/M

Substituting in eq. (2.11), we get

_a coshk(d+z) . -
‘;2 B T sin(kx).sin(at)

j T, -
AXTE —

So simply what we do eta = and after solving for this we get 2 A2 D e to the power kd is ag by
sigma into 1 by cos h k d. And if we substitute these values into our original phi 2 we are going
to get it as phi 2 = ag by sigma cos h k d + z cos h k d into sin k x into sin sigma t. So, we have
now, first what we did we solve for Laplace equation applied the 2 boundary conditions and
obtain the value of the velocity potential phi 2 which is of the form ag by sigma into cos hk d +

z into cos h k d sin k x into sin sigma t.

So, sigma is 2 pi by T and k is 2 pi by L this is wavelength and this is time period for you the
derivation is not important what the results are, but the derivation is important in a way that it
makes you appreciate how starting from the basics we can derive these equations they will ask
the potential.

(Refer Slide Time: 14:16)
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