Chapter 18: Concept of Mode Superposition
(No Derivations)

Introduction

In the analysis of structures subjected to dynamic loading, such as during
earthquakes, it becomes essential to consider how the structure vibrates in its
natural modes. Real-world structures typically do not respond in a single vibration
mode but rather in a combination of many modes. The Mode Superposition
Method, also known as the Modal Analysis Method, is a powerful analytical
technique used in structural dynamics to break down the complex response of a
multi-degree-of-freedom (MDOF) system into a series of simpler single-degree-of-
freedom (SDOF) responses.

This method simplifies the problem by expressing the total dynamic response as a
linear combination of individual modal responses, making it particularly valuable
in the design and seismic evaluation of civil structures.

18.1 Basics of Structural Vibrations

Before exploring the mode superposition method, it is crucial to understand how
structures behave under dynamic conditions:

* Free Vibration: When a structure vibrates without any external force after
an initial disturbance.

e Forced Vibration: When a structure is subjected to time-dependent external
forces, such as ground acceleration during an earthquake.

* Natural Frequencies and Mode Shapes: Each structure has its own set of
natural frequencies and corresponding mode shapes that define the pattern
in which the structure vibrates.

In a multi-degree-of-freedom system, there are multiple such natural frequencies
and mode shapes.




18.2 Multi-Degree-of-Freedom (MDOF) Systems

Structures like buildings and bridges behave as MDOF systems, where multiple
masses (floors or segments) are interconnected by stiffness elements (columns or
structural members).

e Equation of Motion (conceptual): Mii(t)+Cu(t)+Ku(t)=F (t) where:

M is the mass matrix

C is the damping matrix

K is the stiffness matrix

u(t) is the displacement vector

F(t) is the external force vector (e.g., seismic forces)
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Solving this equation directly is often complex due to the coupling of equations.
Mode Superposition provides an elegant approach to uncouple and solve them.

18.3 Concept of Mode Superposition
The Mode Superposition Method involves the following fundamental steps:

1. Modal Decomposition

e The total displacement u(t) is expressed as a linear combination of mode
shapes:

u<t>=§¢i-qi<t>

where:

0 ¢;=mode shape vector of the ith mode
o q;(t) = time-dependent modal coordinate (amplitude) for mode i
o n=number of significant modes considered

2. Orthogonality of Modes

e Mode shapes are orthogonal with respect to both the mass and stiffness
matrices:

¢ M¢$,=0and¢, K ¢$,=0fori# j

This property helps to decouple the equations of motion for each mode.



3. Uncoupling of Equations

e Substituting the modal decomposition into the equations of motion and
using orthogonality results in uncoupled equations, each representing an
independent SDOF system.

18.4 Application to Seismic Analysis
When analyzing a structure for seismic loading:

e The ground acceleration ii,(t) is input as an external force.
e Each modal equation is solved for g;(t) based on this seismic input.

e The individual modal responses are then superimposed to obtain the total
structural response.

Considerations:
e Only a limited number of modes (typically the first 3 to 5) are sufficient to
capture most of the seismic response.

e Higher modes may have negligible contribution for low-rise structures but
become important for tall buildings or flexible structures.

18.5 Modal Participation Factors

Each mode contributes differently to the overall structural response. The Modal
Participation Factor (MPF) quantifies how much each mode participates:
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e 1represents a unit vector corresponding to uniform ground motion.

e Ahigher participation factor means the mode significantly contributes to the
seismic response.

18.6 Modal Mass and Modal Contribution

e Modal Mass: Represents the portion of the total structure’'s mass that
participates in a particular mode.

e Modal Contribution: Used to determine how much of the total seismic
response is accounted for by the included modes.



It is a common practice to include enough modes so that the cumulative modal
mass participation is at least 90% to 95% of the total mass.

18.7 Advantages of Mode Superposition Method

Reduces computational effort by solving uncoupled SDOF systems.
Insight into dynamic behavior through individual modal contributions.

Efficient for linear systems and widely used in software like SAP2000,
ETABS, and STAAD Pro.
Applicable for both time history and response spectrum analyses.

18.8 Limitations

Not suitable for highly nonlinear systems unless linearized.

Requires modal data (frequencies and mode shapes), which may not be
available for irregular structures without modeling.

Higher modes may be ignored, which could lead to approximation errors
in tall or irregular structures.

18.9 Modal Combination Techniques

Since all modal responses are not in phase, different methods are used to combine
the individual modal maxima:

SRSS (Square Root of Sum of Squares): Used when modes are well
separated.

CQC (Complete Quadratic Combination): Used when modes are closely
spaced.

where p;; is a correlation coefficient based on modal frequencies and
damping.



18.10 Use in Modern Earthquake Engineering Practice

e The mode superposition method forms the basis for Response Spectrum
Analysis (RSA) — a common seismic design approach in IS 1893 and global
codes.

e Itisimplemented in all modern structural analysis tools.

e Engineers often use this method for performance-based design,
identifying weak modes and resonant frequencies.

18.11 Modal Truncation and Its Effects

In practical applications, especially for large structures, it is not computationally
efficient to consider all modes. Hence, modal truncation is performed by
retaining only the most significant modes (usually based on frequency and mass
participation).

Key Points:

e Truncation Error: Excluding higher modes introduces error in displacement
and force predictions.

e Acceptable Threshold: Generally, including modes that cumulatively
account for 90% or more of the effective mass is acceptable for most
engineering applications.

e Corrective Measures:

o Missing Mass Correction: A static correction added to account for
the neglected modes, particularly useful in base shear calculations.

18.12 Comparison with Direct Integration Methods

Direct integration methods (like Newmark or Wilson-6) solve the coupled
equations of motion in the time domain without using modal decomposition.

Mode Superposition vs. Direct Integration:

Criteria Mode Superposition  Direct Integration

Computational High for linear Low, especially for



Criteria Mode Superposition  Direct Integration

Efficiency systems large systems
Nonlinear Analysis Not suitable Well-suited
Time History Indirect (through Direct
Response modal coordinates)

Storage Lower Higher

Requirements

For linear systems, mode superposition is preferred due to speed and clarity. For
complex, nonlinear problems, direct integration is more appropriate.

18.13 Selection of Number of Modes

The number of modes to be included depends on:

e Type of structure (low-rise vs. high-rise)
e Irregularities (torsional, mass or stiffness irregularities)
e Dynamic characteristics (natural frequency spacing, damping)

e Regulatory guidelines (e.g., IS 1893 specifies sufficient modes to capture
90% mass participation)

Recommendation:

e For low-rise buildings: 3-4 modes
e For high-rise buildings: Up to 15-20 modes

e For bridges or towers: Higher modes may be dominant depending on
slenderness

18.14 Implementation in Commercial Software

Modern structural engineering software integrates the mode superposition
method into their dynamic analysis modules:

Examples:
e ETABS:

o Performs modal extraction using Ritz or Eigen vectors
o Combines modes using SRSS or CQC for RSA



e SAP2000:

o Includes options for user-defined damping ratios per mode
e STAAD Pro:

o Provides dynamic response analysis using both modal and direct
integration methods

e ANSYS:

o Used for detailed finite element modal analysis in civil and mechanical
domains

Engineer's Role: Ensuring correct input of mass distribution, damping ratio,
boundary conditions, and choosing appropriate combination method.

18.15 Mode Localization and Coupled Modes
Inirreqular or asymmetric structures, certain modes may not be global:

e Localized Modes: Vibrations confined to specific portions of the structure
(e.qg., stairs, cantilevered sections).

e Coupled Modes: Translational and rotational modes occurring
simultaneously due to eccentricity or plan irregularity.

These conditions may require:

e Advanced modeling techniques
e Mass eccentricity considerations
e Inclusion of accidental torsion

18.16 Role of Damping in Modal Analysis

While mode shapes and frequencies are typically computed without damping,
actual modal equations include modal damping, usually assumed to be
proportional (Rayleigh Damping).

Modal Damping Ratio ({i):

e Defines energy dissipation in each mode.

e Typical values:



o Reinforced concrete: 5%
o Steel structures: 2%
o Wood: 7-10%

Damping significantly affects the amplitude of modal response, especially in
resonance.

18.17 Limitations and Cautions in Practice
Despite its utility, the mode superposition method has certain limitations:
e Assumes linear behavior: Not applicable for post-yield conditions.
e Ignores interaction between modes during inelastic deformations.

e Requires accurate modal properties: Errors in stiffness or mass modeling
lead to incorrect results.

e May underestimate response when:

0 Modes are closely spaced and not combined properly
o Truncation excludes contributing higher modes

Engineers must exercise judgment when applying this method and consider
alternative or complementary analyses when nonlinearities dominate.
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