Chapter 21: Linear Algebra

Introduction

Linear Algebra is the cornerstone of modern mathematics and has extensive
applications in Civil Engineering. It plays a crucial role in the analysis of
structures, solving systems of linear equations, transformations, optimization,
and numerical simulations. Engineers often encounter real-world problems that
can be modeled using matrices and vectors — whether it's analyzing forces in
a truss, planning construction logistics, or simulating fluid flow. This chapter
covers the fundamental concepts of linear algebra with the level of detail required
for aspiring civil engineers.

21.1: Systems of Linear Equations
Definition
A system of linear equations is a collection of one or more linear equations
involving the same set of variables.
Forms
o General Form (2 variables):
$a Ix+b ly=c 1\\a 2x+b 2y =c 2$$

¢ Matrix Form:

AX =B
e where A is the coefficient matrix, X is the variable matrix, B is the
constant matrix.
Solution Methods
o Graphical Method (only practical for 2 or 3 variables)
e Substitution and Elimination

e Matrix Methods (preferred for large systems):

Gauss Elimination
Gauss-Jordan Elimination
— LU Decomposition
Matrix Inversion Method



Consistency of a System

o Consistent: At least one solution exists.

¢ Inconsistent: No solution exists.

¢ Infinitely many solutions: When the rank of the augmented matrix
equals the number of variables and the system is dependent.

21.2: Matrices and Types of Matrices
Matrix

A matrix is a rectangular array of numbers arranged in rows and columns.

Types of Matrices

¢ Row Matrix: 1 row only.

e Column Matrix: 1 column only.

e Zero or Null Matrix: All elements are zero.

¢ Diagonal Matrix: Non-zero elements only on the principal diagonal.

e Scalar Matrix: Diagonal matrix with equal diagonal elements.

o Identity Matrix (I): Diagonal matrix with all diagonal elements as 1.

o Symmetric Matrix: A = A7

o Skew-Symmetric Matrix: A = —A7

o Upper/Lower Triangular Matrix: All elements below/above the diag-
onal are zero.

e Singular Matrix: Determinant is 0.

e Non-Singular Matrix: Determinant is not 0.

21.3: Matrix Operations

Addition and Subtraction
o Possible only for matrices of the same dimension.
o Performed element-wise.

Scalar Multiplication

e Multiply every element of the matrix by a scalar.

Matrix Multiplication

e Not commutative: AB # BA
e Defined if the number of columns in A equals the number of rows in B.



Transpose
¢ Rows become columns.
. (AT)T = A
Determinants
e A scalar value associated with square matrices.
o Important for invertibility and system solutions.
Properties

o det(AB) = det(A) det(B)
o det(AT) = det(A)
o If det(A) = 0, then A is singular and non-invertible.

21.4: Inverse of a Matrix
Definition

If A is a square matrix, its inverse A~! exists such that:
AA P =AtA=T

Conditions

¢ Only non-singular matrices have an inverse.

Methods to Find Inverse
e Adjoint Method:

1

-1 _
AT = det(A)

-adj(A)

¢ Gauss-Jordan Method

21.5: Rank of a Matrix
Definition

The rank of a matrix is the maximum number of linearly independent row or
column vectors.



Methods to Find Rank

¢ Echelon form: Count of non-zero rows.

¢ Row-reduction using elementary row operations.
Applications

¢ Determining the consistency of systems.
¢ Understanding the dimension of vector spaces.

21.6: Eigenvalues and Eigenvectors
Definition

e For a square matrix A, a non-zero vector v and scalar A such that:

Av = v

e Here, A is called the eigenvalue and v is the eigenvector.

Finding Eigenvalues

¢ Solve the characteristic equation:

det(A — AI) =0

Finding Eigenvectors

¢ Solve:

(A—X)v=0

Applications in Civil Engineering

o Modal analysis of structures (natural frequencies).
o Stability of equilibrium in mechanical structures.
e Principal stress and strain calculations.

21.7: Linear Dependence and Independence
Definition

e Vectors vy, vs, ..., v, are linearly dependent if:



ai1v1 + asvs + ... + av, =0
o for some scalars a; not all zero.

e They are independent if the only solution is:

ar=ay=..=a, =0

Use in Engineering

e Analysis of structural redundancy.
¢ Optimization of basis in vector spaces.

21.8: Vector Spaces and Subspaces

Vector Space

A set of vectors that satisfies the vector addition and scalar multiplication
properties (closure, associativity, identity, inverse, distributivity).

Subspace

A subset of a vector space that is itself a vector space under the same operations.

Basis and Dimension

e Basis: A set of linearly independent vectors that span the space.
¢ Dimension: The number of vectors in a basis.

21.9: Orthogonality and Gram-Schmidt Process
Orthogonal Vectors

Two vectors u and v are orthogonal if:

u-v=>0

Orthonormal Set

A set of vectors that are both orthogonal and unit vectors.

Gram-Schmidt Process

A method to convert a set of linearly independent vectors into an orthonormal
set.



Applications

o Numerical solutions of partial differential equations.
e Finite element methods in structural analysis.

21.10: Applications of Linear Algebra in Civil Engineering

e Structural Analysis: Solving equilibrium equations, deflection, and force
distribution.

e Transportation Engineering: Traffic flow and optimization models.

¢ Geotechnical Engineering: Stability analysis and soil behavior model-
ing.

e Water Resource Engineering: Flow distribution networks.

o Computer-Aided Design (CAD): Transformations, rotations, and
projections of objects.

 Finite Element Method (FEM): Uses matrices to approximate solutions
in structural systems.

21.11: Diagonalization of Matrices
Definition

A square matrix A is said to be diagonalizable if there exists a matrix P such
that:

A=pPDpP!

where D is a diagonal matrix and P contains the eigenvectors of A.

Conditions for Diagonalizability

e Matrix must have n linearly independent eigenvectors (for an n x n
matrix).
o All distinct eigenvalues imply diagonalizability.

Importance

e Simplifies matrix computations like raising a matrix to a power:

Ak = ppkpt
¢ Useful in solving systems of differential equations.

o Applications in modal analysis of structures (vibration modes).




21.12: Cayley-Hamilton Theorem
Statement
Every square matrix satisfies its own characteristic equation.

If A is a square matrix and p(\) = det(A — AI) is its characteristic polynomial,
then:

p(A)=0

Use

o To compute A~! without adjoint method.
o To express higher powers of A as linear combinations of lower powers.

21.13: Minimal Polynomial
Definition

The minimal polynomial of a matrix A is the monic polynomial m(x) of least
degree such that:

m(A) =0

Relation to Characteristic Polynomial

e Always divides the characteristic polynomial.

e Degree of minimal polynomial gives the size of the largest Jordan block.
Application

¢ Helps in determining diagonalizability.
o Essential in control systems and structural behavior analysis.

21.14: Linear Transformations
Definition

A linear transformation T : V — W between two vector spaces satisfies:

T(u+v)=T(u)+T(v), T(cu)=-cT(u)



Matrix Representation

Every linear transformation can be represented as a matrix acting on a vector:

T(z) = Az

Kernel and Range
o Kernel (Null Space): Set of all vectors mapped to 0.
o Range (Image): Set of all vectors that are images under 7.
Rank-Nullity Theorem
dim(Ker(T")) + dim(Im(7")) = dim(Domain)

Application in Civil Engineering

o Coordinate transformations (local to global system).
e Deformations and stress-strain relationships.

21.15: Numerical Solutions using Linear Algebra
Real-World Challenge

In large-scale systems (hundreds or thousands of equations), direct algebraic
solutions become impractical.

Iterative Methods

o Gauss-Seidel Method
e Jacobi Method
e Successive Over Relaxation (SOR)

Sparse Matrices

e Matrices with a large number of zero elements.

o Common in Finite Element Models (FEM).

¢ Require special storage and solution strategies to save memory and com-
putational cost.

21.16: Singular Value Decomposition (SVD)
Definition

For any real matrix A, SVD is:



A=UxvT

Where:

e U and V are orthogonal matrices.
e X is a diagonal matrix with singular values.

Applications

e Data compression.
 Principal Component Analysis (PCA).

¢ Structural analysis using reduced-order models.

21.17: Application in Finite Element Method (FEM)

Context
e FEM is used for approximating solutions in complex geometries.

o Matrix equations such as [K|{u} = {F'} are formed, where:

— K = Stiffness Matrix,
— u = Displacement Vector,
— F = Force Vector.

Role of Linear Algebra

o Constructing and solving large sparse linear systems.

o Eigenvalue problems in dynamic analysis.
e Matrix decomposition for stability and accuracy.

21.18: Computer-Aided Engineering Tools

Linear Algebra in CAE Software
e AutoCAD / STAAD Pro / ANSYS / SAP2000 internally use matrix

algebra.
e Input models are converted into numerical matrix systems for analysis.

Importance

¢ Optimization of structure design.
¢ Real-time load deformation analysis.
e Seismic behavior simulation.




21.19: Vector Calculus Foundations (Bridge Topic)

Although vector calculus is covered separately, linear algebra forms the base for:

e Gradient, Divergence, and Curl
e Coordinate transformations
¢ Tensor operations in continuum mechanics

These are essential for fields like:

e Fluid dynamics in water resources engineering.
e Stress-strain analysis in elasticity.

21.20: Civil Engineering Case Studies Using Linear Algebra
Case 1: Structural Stability of a Bridge
o Eigenvalues of stiffness matrix indicate natural frequencies.
e Linear transformation shows mode shapes.
Case 2: Soil Mechanics
o Stress tensors analyzed via matrix operations.
o Eigenvalues yield principal stresses and directions.
Case 3: Water Distribution Network

¢ Nodes and pipes modeled as equations.
o Solved using matrix methods (e.g., Hardy Cross, Newton-Raphson).
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