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Lecture-11
Basics of fluid mechanics-11 Contd.,)
Welcome students, this is going to be the last lecture for the basics of fluid mechanics 2.
Where we are going to see the conservation of momentum in more detail.
(Refer Slide Time: 00:32)

This can be written in a slightly different form by using B, = [ o PbdY sothat
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This is the general form of the Reynolds transport theorem for a fixed, nondeforming control
volume.

So, starting with the last slide, where we left in the last lecture and the we derived the general

form of Reynolds transport theorem here. So, this is the general form and now in the
upcoming lecture and slides, what we are going to do is we will apply this Reynolds transport
theorem for derivation of different conservation equations.

(Refer Slide Time: 01:05)

Moving from a System to a Control Volume

* Mass S
* Linear Momentum

¢ Moment of Momentum
* Energy

* Putting it all together!
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So, now we are moving from a system to a control volume. So, we will see, how when we
apply B system to mass, what is going to happen. We will see about linear momentum, we
will just it can also be actually applied to moment of momentum, we are not going to cover
that. This principle can also be applied to the energy conservation which we are also not

going to see in this lecture.

So, we are concentrating mostly on mass and linear momentum because this is of maximum
use in the upcoming regular lectures and hydraulic engineering course. So, | mean, the idea is
that we put it all together this basics of fluid mechanics 2 and proceed to our regular lectures
on hydraulic engineering.

(Refer Slide Time: 02:00)

Conservation of Mass

B = Total amount of mass in the system
b = massper unit mass = 1
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So, now conservation of mass, how can we apply, what we have learned in Reynolds
transport theorem to the conservation of mass. So, B is total amount of mass in the system,
when we do the conservation of mass B which we saw in Reynolds transport theorem is the
total amount of mass in the system and b will be mass per unit mass which is equal to 1. So,
we have determined B and b for the conservation of mass. So, B is M, capital B is M and

small b is 1.

So, this is the general form of Reynolds transport equation that we have derived in the
previous lecture and the also we saw this in the first slide of today's lecture. So, this is the
control volume equation for the general Reynolds transport theorem. And what we have done
here is we have equated B system to mass of the system. As b is 1 this b is this simply this
term becomes p dv and this also b here is 1 so, it becomes a p V dot n cap d A.
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So, what is this, we know that in the conservation of mass the total mass of the system with
respect to the time DM, DMsys/Dt = 0. So, we can simply write in the control volume

J.pV'ﬁdA:—gjpdV—

cs

.This is the equation that we get by substituting B system as mass B as mass system and b as

1 as we have seen. So, this is actually nothing but a continuity equation.

So, | will just erase all the ink. So, it says mass leaving minus mass entering you remember,
we saw the property influx was the property leaving minus property entering, here in this case
is mass is equal to rate of increase of mass in the control volume. This equation here, tells us
that mass leaving minus mass entering is minus rate of increase of mass in the control

volume.

(Refer Slide Time: 04:44i

Conservation of Mass 2
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surface 1 which this is normal and on the surface 2 it is in this direction. So, as already
indicated by the red arrows, and is pointed out of the control volume in both the cross
sections whether it is 1 or 2, the unit vector is normal to the surface and pointed out of the

control volume.

So, if the mass in the control volume is constant what we can say

C.[pV-ﬁdA:—%E[,od\v’-
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from the last slide. So, there is no rate of change of mass, if we assume, the mass in the
control volume is constant, then this gives p v dot n cap dA is equal to, so, here we assumed,
uniform p on the control surface in this one, so, p can be taken out. So, we can simply write

for this particular case
[ pV-AdA=£m
(&)

So, we can simply write the velocity, average velocity as here this quantity integral V dot n
cap dA divided by the whole area of cross section. So, V bar is the spatially averaged velocity
normal to the cross section, this is important to note.

(Refer Slide Time: 06:32)

Continuity Equation for Constant Density and Uniform Velocity
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conditions of constant density. It is understood
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that the velocities are either UnifOf!!Zor

spatially averaged _

So, now continuity équation for constant density and uniform velocity, so, if there are 2 cross
sections as we have seen in this, you know, this problem. We can simply write

[ PV -DdA+ [ pV, -A,dA=0

csy cs;

So, density is constant across this entire cross section. So, this we can take out as indicated by
these arrows here. So, this one, can be simply written as, because the vector here was

pointing outward.

So, if we take this direction as positive, this n 1 cap will be negative, | mean, n the vector that

will be negative sign, as shown here

—pViA +p, VA =0
, because the density same at the cross section 1 and cross section 2. So, p 1 p 2 we can take

out because it is the same. So, this gives us
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ViA =V.A =Q

. So, using our Reynolds transport theorem or RTT abbreviated we obtained equation of

continuity. This is same as we saw in fluid kinematics.

So, | am going to, you know, erase all the ink and this has a dimension of litre cube per
length cube by time, not litre cube, length cube by time. So, V1 Alisequalto V2 A 2is
equal to Q. This is the simple version of the continuity equation for conditions of constant
density. It is understood that the velocities are either uniform or Spatially averaged in both
cases this is the equation of continuity.

(Refer Slide Time: 09:15)

Example: Conservation of Mass?

The flow out of a reservoir is 2 L/s. The reservoir
surface 1s S m x 5 m. How fast is the reservoir
surface dropping?

j/v-ﬁdA:—ﬁj/dV

o
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J'v idd=- f Constant density

o of Velocity of the reservoir surface

So, some examples of conservation of mass, the flow out of reservoir, for example, is 2 liters
per second. The reservoir surface is 5 meters into 5 meter, the question is how fast is the
reservoir surface dropping. So, you see the control surface that we have drawn here, this is
the entire height h, as already indicated. So, the equation of continuity says from Reynolds
transport theorem p V dot n cap dA is equal to - del / del t of p dv. Because the total mass of

the system the control volume is not changing.

That is why we arrived at this equation. So, p because it has the same density. So, we can
cancel these out. So, we get V dot n cap dA is equal to - del V del t . That is the entire
volume, if we integrate the volume the entire volume. So, or these can say Q out - Q in that is
the flux leaving minus the dis flux coming in is equal to - dV dt. There is no nothing that is
entering. So, Q in is 0 so, Q out will be simply - area of reservoir into d h / dt or we can

simply write the rate of fall of height with respect to time is this - Q / area of the reservoir.
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So, dh / dt is the velocity of the reservoir surface. So, this is what we obtain, we can
substitute Q is given 2 liters per second, we can convert it into SI unit and area of the
reservoir, we can calculate, because it is rectangular in shape. So, this is also known. So, we
are able to calculate dh / dt. 1 think, I will leave this up to you to do the numerical to derive
the numerical values, which is the most simplest that you are able to find.

(Refer Slide Time: 11:52)

Linear Momentum Equation
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This is the “ma” side of the I = ma equation!

So, now the Iine!n@S;ne\ﬁ}:m equation. So, an example here is, if ;/ou see this figure here,
this is so, suppose if you shoot water jet onto a wall for example, this is one of this example
where, you know, linear momentum is associated, there is a velocity with which water is
approaching and when it touches this wall it comes to rest. So, here we can actually apply the

momentum conservation linear momentum. So, what happens is, as | said we are going to use

the same concept of Reynolds transport theorem for the linear momentum equation too.

Here, | mean, in this particular case, the net force is not going to be 0 because this momentum
before hitting the certain momentum and after hitting it turns to 0. So, the rate of change of
momentum is force and the rate of change of momentum is not 0. Therefore, force will not be
going, I mean, there will be some finite force. So, coming back to our Reynolds transport
equation, here, what we do is so, this is the control volume equation, as I told you from the

Reynolds transport theorem.

So, what we do we say B in our case when we want to derive the linear momentum equation

B should be mass into velocity or called momentum. This is very normal term, | mean, in
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fluid or any type of mechanics, mass into velocity is momentum. | will just take this away.
And b by definition will be the property divided by mass. So, it will be m V as shown here m
V /'m, this can get cancelled, so it is momentum per unit mass. So, be careful that these are
actually vectors.

So, now coming back to substituting this B here and b, you know, here, so, substituting this
here and b here and here, this is the equation that we obtain. So, this equation it is going to be
D m V Dt is equal to p V dv dot n cap dA in for steady state, because then if it is steady state,
this term will go to O for the steady state because there is no change in property with respect
to time. So, del del t of anything is going to be O for steady state solution. So, this is the ma
side of f is equal to ma equation. This is the mass into acceleration side of f = ma equation.
(Refer Slide Time: 15:18)

Linear Momentum Equation
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equation , the equation that we have obtained in this slide on the next page. So,

DmV . A
o " [VioV,-fdA+ [ V,p,V, -1 dA
o8,

cs,
or we can simply write it, p 1 V 1 A 1 into so, this V 1 will take care of the direction and here
this VV 2 is going to take care of this direction because this is pointing outward, if we take this

direction as positive, so that is why this is negative.
So, assumption is, we have taken uniform density, we have taken uniform velocity for writing

down this equation, we have taken V is always perpendicular to the area and we have taken
steady state. So, V is the fluid velocity relative to the control volume.
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) M, = _(P1V1A1)v1 = _(PQ)vl . .
So, m1 can be written as, . Thisis 1 term M 1, so, it

IS written as - of p Q into v1 and similarly, M2 here can be written as,
M, = (p;V,4,)V, = (pQ)V;

. So, this term here and this term here, so, these M1, M 2, V 1, V 2, V 2 this v 1 all our

vectors.

(Refer Slide Time: 17:36)

Steady Control Volume Form of Newton’s Second Law
} D(mV) .

YF o Mi+M,

* What are the forces acting on the fluid in the
control volume?
* Gravity

* Shear at the solid surfaces ZF:MI +M,

* Pressure at the solid surfaces

* Pressure on the flow surfaces

+F,

Twall

ZF=W+FPI+FPZ+F

Pwall

Why no shear on control surfaces? No velocity tangent to control surface

So, now, steady control volume form of Newton’s second law, so, this f the net force is the
sum of M 1 and M 2 as we already told you in the last slide. So, sigma x where D mV Dt is
equal to M 1 + M 2. Now, the question is, what are the forces acting on fluid in the control
volume. So, one is gravity, other is shear at solid surface or pressure at solid surface, pressure
on the flow surfaces.

So, we can simply write, sigma F as, weight W due to gravity, pressure forces, solid surface
pressure and the force on due to pressure at wall and shear at wall. This is what we have just
said. So, why there is no shear on the control surface? Because there is no velocity tangent to
the control surface there is no velocity that is tending to the control surface like this.

(Refer Slide Time: 18:54)
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Inear Momentum Equation

ZF=W+F,,1+F,,Z+FSS
ma=M; +M,

Forces by solid surfaces on fluid
The momentum vectors
have the same direction
as the velocity vectors

M, + M, =W+F, +F, +F

Now, going into a little zoom figure, now we have indicated what M1 is, what pressure is,
what force is due to the, you know, the different pressure forces or the shear is there. This is
the weight, as you can see, and this is the frictional or the shear forces F ss x and F ss y, this
are the components of the shear forces in 2 different directions. So, forces by solid surface on
fluid and the momentum vectors have the same direction as the velocity vectors, as we have
seen, whatever the direction of the velocity is the momentum will be in the same direction.
So, we can simply write F = W + F P1 + F P2 + F ss and ma force, mass into acceleration is
M1+ M2, so,wecansimplywriieM1+M2=W+Fpl+Fp2+Fss,and M 1hereis-p
QVlandM2ispQV 2, plus.

(Refer Slide Time: 20:10)

Example: Reducing Elbow

Reducing elbow in vertical plane with water flow of 300 L/s.
The volume of water in the elbow is 200 L. Energy loss is
negligible. Calculate the force of the elbow on the fluid.

W =-pg*volume=-1961 N

section | section 2 M, +M,=W+F, +F, +F,
D 50¢m 30cm z '
A 01%m 0.071m?
Vv 1.53 m/s@ 423 mfs > —>
P 150kPa ? iracti
- s 'T‘T N Direction of V vectors
F, 29400N 1 9%

An example we are going to see is the reducing elbow using this equation, we have seen this
equation already in the last slide, this is sectional 1, this is section 2, the distance between this
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is 1 meter. So, now question is, reducing elbow in vertical plane with water flow of 300 liters
per second. So, the Q is 300 liters per second. The volume of water in the elbow is 200 litres
that is the total volume. Energy loss is negligible. Calculate the forces of the elbow on the
fluid.

So, this is the question, what is going to be the weight, - p g into volume. So, if you put
volume as 200 liters. You are going to end with 1961 Newton in negative direction because
weight acts downwards. Now, we treat section 1 and section 2, we have to find the diameter
is 50 centimetres, this is what we have seen, and diameter at section 2 is 30 centimetres. So,
area will be 0.196 meters is square in section 1 and area will be 0.071 meters square the
velocity is going to be 1.53 m/s, we know the discharge and we know the area, therefore, we
will know the velocity and similarly for section 2 this shows the direction so, this is the
velocity directions at section 1 and this is the direction, velocity direction at this section 2
here, in this way. Now the pressure is 150 kilo Pascal. We need to find the pressure at section

2, M is because of the all the values we know we can calculate M as - 459.

How can you find M, that you can see in the slide below, -p QV 1, M2isp Qv 2, you
substitute that and you will be able to find M and but the direction is same as velocity vector
at section 1 and it will be 1270 Newton in this direction. So, Fp is going to be 29,400
Newton, we are going to see actually a more detailed problem in the upcoming slides. But the
pressure the forces due to the pressure is 29,400 Newton here. Now we have to find out the
pressure force here. So that is the problem.

(Refer Slide Time: 23:01)

Example What is p,?
%m S tqwl»m

153 m/s)? - (423m/5)?
5y = (150N 10°Pa) + (9810 N/m?) |0 1 m 4 L3S ~ T m/S)

s 2(9-8ylf)
P, = 132kPa F, = 94008
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What is p 2? How do we obtain p 2? We can obtain p 2 using the Bernoulli equation. So, p 2
will be p 1 + gamma z 1, just rearrangement of this equation gives this equation and we can
simply substitute the values and obtain z 1 — z 2,we already know, it is — 1 meter, V 1 square
—V 2 square / 2g. So, V 1 we have calculated, VV 2 we have calculated, everything is known.
So, actually p2 turns out to be 132 kilopascal. Now, if we know p 2 we can calculate the
pressure force that will come out to be 9400 Newton.

(Refer Slide Time: 23:59)

Example: Reducing Elbow Horizontal Forces

M,+M,=W+F, +F, +F

F,=M,+M,-i-F, -F,

F, =M, -F

F. =(1270N)~(-9400N)
o ‘_/
F, =1

0.7kN| " Force of pipe on fluig~

Fluid is pushing the pipe to the _left

Now, it is important to find out the horizontal forces. This is what we have is, we have
calculated the vertical forces. So, thesame M1+ M 2 =W + Fpl + Fp2 + F ss. So, F ss is
goingtobe M1+ M 2-W -Fpl-Fp2orF ssx, inx direction, because there are 2
components, itwillbe M1 X +M 2 x-W x-Fplx-Fp2x.

M 1 x there is no component of 1 in horizontal direction because M 1 was in this direction,

W was again vertically acting, so, this is also zero, and the pressure was also in this direction,
vertical direction, therefore this is also zero. So, FssxisM 2 x—-Fp 2 x, and thisis M 2 x is
1270 Newton that we already calculated, - of - 9400 Newton. And this came to be 10.7 kilo
Newton, very simple. Similarly, so, this is force of the pipe on fluid. So, this means that the
fluid is pushing pipe to the left because F ss x is positive.

(Refer Slide Time: 25:15)
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Example: Reducing Elbow Vertical Forces |

Fss: = MI_. +%: _wt —-F[I,: _%:,
F, =M -W-F_
F, :—459N—©1,961N)—(29,400N)

Ty,

P|Z

F,, ==27.9kN 28 kN acting downward on fluid ‘[

Continuing with our example, we have to find out F ss in z direction or y direction. Basically,
we call this one as z. So, M 2 z because this is a horizontal, this is zero and similarly with the
pressure force is it is zero. So, FsszisM 1-W z - Fpl z. So, M 1z we found out it was - 459
Newton, weight we already found out and this we just we calculated last time, | mean, in the

one slide before. So this minus, minus becomes positive.

But still, F ss z comes - 27.9 kilo Newton. So, this means approximately 28 kilo Newton
force is acting downwards on the fluid because it is minus. Now, pipe wants to move actually
up that is why this the net force is in the downward direction.

(Refer Slide Time: 26:21)

Moment of Momentum Equation
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mr xV Moment of momentum/unit mass
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Steady state

Now, similarly, there is something called moment of momentum equation, we are not going

into detail, but just to show that here the B, capital B for deriving moment of momentum
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equation we can assume, m r into V. moment of momentum or m gamma into V, this r is
actually nothing but gamma and b will be m r into V / m, so, moment of momentum per unit
mass. So, actually the message here is that this equation is Reynolds transport theorem can be
used to derive any of these conservation principles.

So, this is going to be 0, we are not going into detail therefore this is. So, this is for steady
state because this is delta t equals 0, we are not going to do the analysis.
(Refer Slide Time: 27:29)

Turbomachinery

One of the one of the examples is turbo machinery. But | am going to skip this for your
convenience, but to know one of the examples of moment of momentum conservation
equation in real life is turbo machinery.

(Refer Slide Time: 27:44)

Practice Problem

A jet of oil (RD = 0.80) issues from nozzle of 15 cm diameter with a velocity of 12 m/s. A smooth cone with
vertex angle of 90° deflects the jet. The jet is horizontal and the vertex of the cone points towards the jet.
Calculate the force required to hold the cone in position.

Solution:

Consider a control volume as shown in fig. Let R = reaction
of the cone on the fluid in the control volume. The pressure
is everywhere atmospheric. As the cone is smooth, by
neglecting friction the velocity of the sheet of water over
the cone is V everywhere. The inclination of the velocity V
toaxis is 90°/2 =45°

A =§ x (0.15)%=0.01767 m2 p=0.8x998 = 798.4 kg/m?

Q=AV=0.01767 X 12 = 0.2121 m%/s
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Now, we can solve 1 practice problem, this will be based mostly on the Bernoulli and
momentum or mass conservation equation. So, a jet of oil relative density 0.80 issues from
nozzle of 15 centimetre diameter with a velocity of 12 meters per second. A smooth cone
with vertex angle of 90 degree deflects the jet. The jet is horizontal and the vertex of the cone

points towards the jet. Calculate the force required to hold the cone in position.

So, we have something like this. So, this is the this is the velocity of 12 meters per second the
diameter hole is 15 centimetre and this is the cone and this is 90 degrees, the jet is horizontal,
the vertex of the cone points towards the jet. So, actually most important thing in this type of
problems is first draw the figure and then half our problem is solved. So, we have
successfully drawn the finger now. Now the solution steps is we consider the control volume

as shown in the figure.

So, this is our control volume, you see, that is the first step, the pressure is everywhere
atmospheric, as the cone is smooth by neglecting the frictional the friction the velocity of the
sheet of water over the cone is V everywhere. The inclination of the velocity to the axis is 45
degrees that we have simply assumed. So, the area is going to be pi / 4 d square, the area
here, and p is going to be, its oil of relative density pointed. So, p is going to be 0.8 into 998 a

density of water, that is, 798.4 kilograms per meter cube.

So, the Q is area into velocity AV, area we have already calculated. So, area is here, and this
is the velocity that we already know from here. And this comes out to be 0.2121 meter cube
per second.

(Refer Slide Time: 30:15)
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By momentum Equation in X- direction:

0- R, =pQ (V cos 45°- V)

R, =pQV (1- cos 45°)

B
=798.4x0.2121 x 12 x (1- cos 45°)

e, ——

— g

=595N

By symmetry, Ry, =0

S
Hence, the resultant reaction force on the flui

So, by momentum equation in x direction, so, you see, there is 0, if the reaction force here is
R X. So, 0 - R X, is the change in momentum. And what is the change in momentum. It is p Q,
if the velocity V was there, V cos 45 degrees - V, or V can come out, you know, R X is equal
to p Q V 1 - cos 45 degrees. You see here, there is one force R x that is going to act, so, rate
of change of momentum is p Q V 1 - cos 45 degrees, you substitute the value p QV 1 - cos 45
degrees and that is going to be R x is equal to 595 Newton. By symmetry we can see R y is

equal to 0.

So, hence, the resultant reaction force on the fluid is R is equal to R x. Thus, the force
required to hold the cone in position is F is equal to 595 Newton long the negative, negative x
direction. This is one of the examples of this. In some point during the lecture series, we are
going to solve more problems, we will have some sessions where we are going to solve only

some random problems from fluid mechanics on the other topics that we are going to do.

And | think this is enough and this concludes our basics of fluid mechanics 2 section. We will

start next week with laminar and turbulent flows. Thank you so much for watching.
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