Solid Mechanics
Prof. Ajeet Kumar
Deptt. of Applied Mechanics
IIT, Delhi
Lecture - 17
Linear Momentum Balance in Cylindrical Coordinate System

Hello everyone! Welcome to Lecture 17! In this lecture, we will derive the Linear Momentum
Balance in cylindrical coordinate system.

1 Cylindrical Coordinate System (start time: 00:27)

Cylindrical coordinate system turns out to be very handy in studying deformation of bodies having
cylindrical shape as we will see later. It is therefore of importance to derive balance laws in cylindrical
coordinate system. Figure 1a shows a generalized cylinder whose radius may change over the axis of the
cylinder. The axis of the cylinder coincides with z axis. Any general point of the cylinder will have
coordinates (r,6,z). The position vector of this point is re,+ ze;where the 6 dependenceis hidden in the
basis vector er. If we project this point on z=0 plane, we get to (r,6,0) as shownin Figure 1a.
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Figure 1: (a) A generalized cylinder with its axis coinciding with z axis (b) z= 0 plane
1.1 Basis Vectors(start time: 02:44)

We have drawn the z = 0 plane in Figure 1b. Thereis a baseline or a reference line relative to which angle
0 is measured. The length of the line joining the center and the projected point is r while the angle that
it makes from the baseline is 6. Two of the basis vectors lie in this plane: e, points radially outward from
the center while ey points in the direction of increasing 8 and is perpendicular to e.. The third basis vector
e; lies along the axis of the cylinder. Thus, the basis vectors for a cylindrical coordinate system are
(e, eq€;) whereasin the Cartesian coordinate system, the basis vectors are (es, ez e3). Although both the
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sets of basis vectors are orthonormal, there is a big difference in their properties: the basis vectors of
Cartesian coordinate system are fixedin direction and do not change from one point to the other butin
cylindrical coordinate system, two of the basis vectors (e,eg) change when 6 coordinate of a point
changes. This has beeniillustrated in Figure 2a where the basis vectors at the two points are differently
oriented although only the 8 coordinate of the two points is different. The third basis vector e;remains
fixed at every point though. One thing to note here is that e-and eychange only when the 6 coordinate
changes. If only the radial coordinate or/and z-coordinate of a point is changed, the basis vectors do not
change (see Figure 2b).
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Figure 2: (a) Two points are shown on z = 0 plane along with basis vectors at those points (b) Two
points A and B are shownon z = 0 plane along the same radial line and the basis vectors at the two
points are shownto be the same

1.2 Cylindrical element(start time: 08:36)

In Cartesian coordinate system, we analyzed cuboid elements with their face normals directed along the
coordinate axis. In cylindrical coordinate system similarly, we need to analyze cylindrical elementswith
their face normals parallel to e, egpand e.. A cylindrical element for the generalized cylinder and its
zoomedview is shownin Figure 3. The top face has its normal along z axis. Thus, the top face is +z plane
and the bottom face is —z plane. The front face shown has its normal along - ey direction. Thus, this is the
-0 plane and the plane opposite to it is +8 plane. Finally, the concave curved face has its plane normal
along —erdirection and can be imagined to become flat in the limit of the cylindrical elementbecoming
infinitesimally small. Likewise, the convex curved face is the +r plane.
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Figure 3: (a) A small cylindrical elementin a generalized cylinder (b) a zoomed view of the cylindrical
elementwith its various faces shown

2 LMB Formulation (start time: 16:26)

For the Linear Momentum Balance, we need to sum the total force on the cylindrical element due to
tractions and body force and equate it to its rate of change of linear momentum. Let us begin with
considering each of the faces separately, obtain total force on them and eventually add all of them. In
Figure 4a, we have shown the traction components (resolved along the three basis vectors) acting on
each of these faces from the remaining part of the body.
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Figure 4: (a) Decomposition of traction vector along the three basis directions for various faces of the
cylindrical element (b)the +z face of the cylindrical elementand various lengths associated with it: an
infinitesimal area elementon this face is also shown

2.1 Force on +z and -z plane (start time: 17:06)
On +z plane, the traction vector (t*?) is given by
t2 = 02,67 + Trz€r + Tp2€0 (1)

The total force due to this traction can be obtained by integrating it over+z plane which we have drawn
separately in Figure 4b. The difference betweenthe outerandinner radius of this face is Arand the total
angle subtended by the face at the centeris Af. The center of the cylindrical element shownin Figure 3
has coordinates (r,0,z). Thus, the coordinates of a general point on the top surface is denoted by (r+¢, 6

A . . . . .
+n, z+ ?Z) (r and 6 coordinates vary while the z coordinate remains fixed). We then consider an

infinitesimal area element on this face. The length of this area element in the radial direction is d€ and
the width in the & direction is r-coordinate multiplied with dn. Thus, the area of the infinitesimal element
is:

dA=Ixb=déx (r+&)dn=(r+&dédn (2)

Hence, the total force on +z plane is:
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For -z plane, all the traction components act along negative basis directions but an arbitrary point on -z
. . A .
plane will have coordinates (r+¢& 6+n, z - ?Z).Thus, the total force on —z plane will be
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2.2 Taylor’s series expansion (start time: 25:48)

As the stress componentsare varying in the domain of integration, we can use Taylor’s expansion about
the center of the cylindrical element,i.e., at (r,6,z).In equation (3), e.g, we needto Taylor expand both
the stress components as well as basis vectors. Ignoring higher order terms, we get
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As erand egchange only with 6, their partial derivatives with respectto rand z will be zero leading to
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2.3 Partial derivative of basis vectors w.r.t. J (start time: 31:20)
We now show how to obtain ({g_(; and % We again draw z = 0 plane as shownin Figure 5a. The 6

coordinates of the two points A and B differby A6. Using the definition of differentiation, we can write

90 aboo AG (7)

To obtain it geometrically, we parallely transport the two radial vectors such that they start from a
common point as shown in Figure 5b.
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Figure 5: (a) Two points A and B are shown on z= 0 plane along with erat the two points: their 6
coordinates differby Af (b) the two radial vectors at points A and B are translated so that they start
from a common point

The angle between the two radial vectors is still Af. The numerator in equation (7) will thus equal the
third side of the triangle in Figure 5b which is also denoted by Ae,there. The magnitude of the two sides
representing the basis vectors has magnitude 1 as they represent unit vectors. We then draw an angle
bisector to the angle A6. As the original triangle is an isosceles triangle, the angle bisector is also the
perpendicular bisector tothe base. Let us then considerany one of the two right triangles: the magnitude

of its base equals sin(A?e). So, the total magnitude of Ae, will be Zsin(A?g). Let us denote the direction of
this vector by e. Substituting these results in equation (7), we get
de . 2sin(&?)

L = lim 2

90 abso A © (8)

o 0 . - o .
The direction e makes an angle of 90° - A?wnh eras shownin Figure 5b. In the limit of A@ - 0, this angle
becomes90°. Thus, in this limit, Ae,points along ey. Also, the magnitude term in equation (8) becomes 1

(. lim, o ‘“% = 1). Thus, we finally have
de,
0o (9)
By a similar derivation, we can show that
ey )
00 - (10)

144



2.4 Final Simplification (start time: 38:18)

We can now plug in the derivatives of basis vectors into equation (6) to get
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Let us now consider the first set of terms, i.e.,

0o, 0o, 0o, Az
. ad -y — > _dA.
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In the first term here, oz is is evaluated at the center of the cylindrical element and hence can be taken
out of the integral. The integral of dA then gives us A;:the area of +zface. Similar logic applies to the last
term here. Considering the second term, the integration of £édA will give us A;times reentroid Of +z face. As

we are measuring £ from the centroid itself, reentroid becomes zero. Likewise, the integration of ndA in the
thirs term will be zero. Thus, we have
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AV o . .
Here 7denotes half the volume of the cylindrical element. Now, consider the second set of terms in
equation (11):

// N 0Tr:§ n 0Ty N 07, Az N A
Trz 7 - || & T NE |QA.
or >0 1T 0z 2 o (14)
01, AV
The integration of the big bracket multiplied with e, will give us |7, A, + 9- 9 ¢, bya similar

analysis as used for the first set of terms. Let us now look at multiplication of the big bracket with the
second term. The terms t,, its partial derivatives and epare constant in the domain of integration as they

are evaluated at the centerof the cylindrical element. Thus, the first term will be tey [ ndA which will
be zero again. For the second term, we will get
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The third termis  —-=cs [/ n*dA . When we work this out, we will get something that is of the order
smaller than the volume ot the cylindrical element,i.e.,o(AV).Thisis because both nZand dA terms have
dimension squares of the length. Thus the integral will be fourth power of the length dimension. The last

o1, Az .. ) ) ) _
92 Co—5~ [/ ndA will also become zero. Thus, the second set of terms in (11) finally gives us

dr,w @’rrz o7, Az . a"r‘f AV

The last set of terms can be similarly simplified to yield

@.-9-, C’.Tg;, @Tg;, Az e ) 0:9-, AV
ff |::g-, ; 6’9 n+ 5 7] (Eg - ?;gr)d_-l = |:.'93‘43 + 5, 9 } + o(AV)
The total force on +z plane will thus be

3 0o, AV 07, AV 079, AV
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F = (O’ZZA: % 9 )L: (T,~A~ 5 5 )Lr + (ngAz % 3 >(0 +o(AV) (18)

term

(16)

(17)

We can also find the force on -z plane in the same way. If we compare equations (3) and (4), we find
that we have an overall negative sign forthe —z plane and also the stress components are to be evaluated

Az, A . a .. . o . —=A
at z - ?Zlnstead of z +7Z. So, wheneverwe will have a term of the forma—z, it will be multiplied with TZ .

The overall negative sign will then make such terms positive while the other terms will become negative.
Thus, we will get
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F == (—azzAﬁ— 5. 9 )gl+(—r,.ZAz+ %% 2 )p +< 92 A+ —— % 2 )09+0(AV) (19)

Upon adding the two equations (18) and (19), we finally get
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We will work out the remaining derivation in the next lecture.
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