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Lecture -06
Tutorial 1: Part I

Hello everyone welcome to the first part of tutorial one, so let us start with question number
1.
(Refer Slide Time: 00:27)
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p: You drive over 65 miles per hour q: You get a speeding ticket
Write the following propositions using p and q and logical connectives. \:-a LY
O You do not drive over 65 miles per hour. ? ""33 '% 1/
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0 You will get a speeding ticket if you drive over 65 miles per hour. LY 1 ( \(
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U You drive over 65 miles per hour only if you will get a speeding ticket.
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U Driving over 65 miles per hour is sufficient for getting a speeding ticket.

So in this question the goal is the following. You are given two propositional variables p and
q representing the propositions you drive over 65 miles per hour and you get a speeding ticket
respectively. Then your goal is the following using this two propositions p and q you have to
represent the following statements and by compound propositions using logical connectives.
So the first statement that we want to represent here is you do not drive over 65 miles per
hour, which is very simple this statement is nothing but negation of p because p represents
the statement you drive over 65 miles per hour, so you want to represent the negation of that.
The second statement is that you want to represent here is you will get a speeding ticket if
you drive over 65 miles per hour, so this is some form of if-then statement. This is the if part
this is the conclusion. So the if part here is if you drive over 65 miles per hour which is p and

the conclusion here is you will get a speeding ticket.
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That is why this statement will be represented by p — q. The third statement that we want to
represent here is you drive over 65 miles per hour only if you will get a speeding ticket. So
this is a statement of the form only if, so recall p — q also represents p only if q, or
equivalently q is necessary for p. These are the various forms for p — q. So this condition is

the necessity condition here.

So you can write it, you can write the statement either in the form of —q — —p. Why ~q —
— p? Because remember when I say only if part that means whatever is there after only if part
if that condition is not satisfied, What is that condition, you will get a speeding ticket, which
is your statement . So the equivalent form of only if is that if that negation of that thing

happens, then whatever is there before only if that does not happen.

And what is there before only if is the statement that you drive over 65 miles per hour, which
is your p. So that will not happen. So that is why this statement can be represented by — q —
— p and remember that the contra positive of an implication is equivalent to the original

implication. So what will be the contra positive of this implication?

So it will be negation of negation of p implies the negation of negation of q and if you take
negation inside you get p — q. The last statement we want to represent here is driving over
65 miles per hour is sufficient for getting a speeding ticket. That means whatever is there
before your sufficient part that is your if statement. If you ensure that then whatever is
thereafter sufficient that will be ensured that will happen. So this is equivalent to p — q. So it
is a very simple straightforward question.

(Refer Slide Time: 04:03)
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Q2

State the converse, contraposmve and inverse of the following: | contrapositive: =g = ~p

QIf it snows today I wnll ski tomorrow. Converse: q=p
T EW_/ Inverse: —p = —1(

 Contrapositive: If | don t ski tomorrow then it did not snow today

% Converse: If | ski tomorrow then it snowed today

“ Inverse: If it does not snow today then | will not ski tomorrow

U A positive integer is a primit has@divisors other than 1 and itself,
\ )
, “ )

* Contrapositive: If a positive number has a divisor other than 1 and itself then it is not prime

* Converse: If a positive number has no divisors other than 1 and itself then itis prime

“ Inverse: If a positive number is not prime then it has a divisor other than 1 and itself

In question 2 the goal is the following, you have to write down the converse contrapositive
and inverse of the following statements. So just to recall, if you are given an implication p —
q then the contrapositive of that is = q — — p, the converse of that implication is ¢ — p and

inverse of that implication is = p — — q, that is the definition.

Now the first statement here is if it snows today I will ski tomorrow. So this is your p part
and this is your q part. The statement then is not explicit sorry the word then is not explicitly
given here but it is present implicitly here. So this is your p — q part. So the contrapositive of
this will be = q — — p and — q will be if I do not ski tomorrow, —p will be it did not snow

today.

The converse will be ¢ — p; that means if I ski tomorrow then it snows today, the inverse
will be = p — — q. So — p means it does not snow today — q means I will not ski tomorrow.
The second statement here is a positive integer is a prime only if it has no divisors other than
1 and itself. So let us first identify the implication here. What is the form, what is the

implication here in what?

So this is an only if statement. So you can represent whatever is there before only if as p
whatever is there after only if as q and the implication that is here is p — q. The
contrapositive will be = q — — p. So the negation of q will be the number has a divisor other
than one and itself because q means it has no divisors. So negation of q means, it will have a
divisor other than one and itself. And p is the number is a prime so negation of p will be it is

not a prime, so straight forward.
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Similarly the converse will be ¢ — p so q is the number has no divisors other than one and
itself, p is the number is a prime. The inverse will be = p — —q so — p means the number is
not prime. If the number is not prime then we have to conclude — q, — q means it will have a
divisor other than one and itself. So that is how you write the contrapositive of converse and
inverse of implications.

(Refer Slide Time: 06:55)
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Construct truth table for each of the following compound propositions
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The question 3 is asking you to do the following. You are given, a set of compound
propositions and you have to draw the truth table it is a very straightforward question here.
So the first compound proposition is this conjunction of two implications. What you have to
do is it is a compound proposition involving two variables p and q so you have one column
for all possible values for p one column for all possible values of q and then what I am doing
here is for simplification, I am separately writing down the column for p — q. I am separately
writing down the column for = p — q and then finally I am separately writing down the
column for conjunction of these two things namely p — q and — p — q. So let us first begin
with the column for p and q. I have written down the various possible truth assignments that p

and q can take.

Based on this, the column for p — q will be this so remember p — q takes the value false
only when p is true and q is false. For all other possible assignments p — q is always true
now the next column is for = p — q and the column will take these values. So let us focus on
the entry when this statement is false. So this statement will be false when LHS is true, but

RHS is false.
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That means your q is false and p is false. Because if p is false then this negation of p will
become true, and that is why this true implies false will lead to the value false for all other
three combinations, this implication will always take the truth value as true. Now I have the

columns for p — q and negation p — q what [ have to do is I have to take the conjunction.

And remember conjunction of two things two variables will be false if any of them is false.
So the truth value for the conjunction will be as follows, since I have true here and true here
and true is true, but I have false here and true here so conjunction will be false. I have true
here and true here, they are conjunction will be true. I have true here and false here and the

conjunction will be false.

That is how you can build a truth table for this compound proposition. The second compound
proposition for which I am supposed to draw the truth table is this, it involves several bi-
implications. So I can do the similar stuff which I have done for the first part. I will be
separately writing down the column for p. I will be separately writing down the column for q
and I will be separately writing down the columns for each individual portions of this

compound proposition, and this will be the final column, which I am interested in.

So the columns for p and q are straight forward based on the truth values that I am giving to p
and q the column for this bi-implication, the first bi-implication is this. So remember bi-
implication is going to take the truth value true if both the LHS and RHS have the same truth
value. If both of them are false or if both of them are true the bi- implication will take the

value true.

So that is why wherever you have a mismatch, the bi-implication takes the value false;
otherwise the bi implication takes the truth value true. Similarly you can draw the column for
the p <> g, wherever there is a mismatch you get the false value otherwise it is true. And then
you have to take the bi-implication of this column and this column. Wherever they are
matching, they will take the truth value. In fact, they are matching at all positions all the four
positions and that is why it will be always true.

(Refer Slide Time: 11:02)
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Q4

p: “The user enters a valid password”

: “Access is granted” Express the following system specifications using
p,q,r and logical connectives

3 *"“ (mp®
U The user has paid the subscription fedoesurlg’t enter a valid password

r: “The user has paid the subscription fee”

ks ‘ e,
o JA=p 25 cmy"d“"‘
J Access is granledthe user has paid the subscription Ieenters a valid password
o
Cont rAp) =g
Lo e

1 (e
{ If the user has not entered a valid password@ha:gaid the subscription feeccess

is granted
Crp-q

Now, the fourth question is the following. You are given three propositional variables p, q, r

denoting these three statements. And using p, q, r and various logical operators, connectives,
you have to write down compound propositions representing some given English statements.
So the first statement is the user has paid the subscription fee but does not enter a valid

password.

So you might be wondering what will be the logical connective operator for representing
‘but’. So the but here should be treated as some form of and or conjunction here. That means,
you can equivalently pass the statement saying that user has paid the subscription fee and he
has not entered a valid password. And I know that the variable r represents the statement user

has paid the subscription fee.

The variable p represent the user enters a valid password, but I want to represent here, denote
here, state here that he has not entered a valid password, that is why it will be — p. The second
statement is access is granted whenever the user has paid the subscription fee and enters a
valid password. So let us parse first this statement. So remember ‘whenever’- is a form of

Implication.

That means this part is going to be a premise and this is the conclusion. So that means if this
is a form of if-then, so whatever is there after whenever that is the if-part, if that thing is
ensured then whatever is there before whenever that is the conclusion, that you can conclude.

Now in the premise here a conjunction is involved because my premise consists of

conjunction of two things.
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And now you have all the details to write this statement in the form of a compound
proposition, so my premise here is the conjunction of two things, the user has paid the
subscription fee which is denoted by variable r and he has entered a valid password which is
p. That is the conjunction of these two things is the premise if both these two things are
ensured the conclusion that I can draw is that access will be granted and access is granted

means q.

The last statement is the user has not entered a valid password but has paid the subscription
fee then access is granted. So this is a form of if-then statement. Whatever is there after then
that is the conclusion whatever is there before then that is a premise, but in the premise you
again have an occurrence of ‘but’ and remember but is nothing but conjunction. So you can

represent this statement in this form.

The premise is the conjunction of two things namely user has not entered a valid password,
so user has entered a valid password is p, so he has not entered a valid password is — p. But
he has paid the subscription fee that means, the statement that he has paid the subscription
fees will be represented by r and as I said ‘but’ should be treated as a form of conjunction so

premise is — p conjunction r.

The conclusion that I want to draw here is that in that case access is granted. Access is
granted is denoted by q.
(Refer Slide Time: 14:59)

Q5(a)

Are the following system speciﬁcation% Inconsistent

“ Conjunction of all the specifications should be satisfiable

Q The system is i%nultiuser state if and only if it is operating normally p=F ~ p @
l £

U If the system is operating normally, the kernel is functioning.
. d " : )yL Jg q=F~q_.@
¥ d ¢
U The kernel is not functioning@the system Is in interrupt mode r=f ‘
\ J & v "
ﬁI b - V@

»

a Ihe system is not in interrupt model Sut
Is. - =S

. #
U |f the system is not in multiuser state then itis in interrupt mode @ ~
F
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So now let us consider the first part of question 5. I would not be discussing the second part
of the question 5. I will be just discussing the first part the second part [ am leaving for you as
an assignment. So the question basically says the following that you are given a set of
statements and you have to verify whether the set of statements constitute a consistent system

specification and what exactly I mean by a consistent system specification?

Well by that I mean that is it possible to simultaneously satisfy all those conditions that
means is it possible that each of the individual conditions simultaneously hold. Or logically
the conjunction of all this specification should be satisfiable. Because if the conjunction of all
those specifications is satisfiable that means there is some truth value which you can assign

which can satisfy each of those individual specification.

So what are the specifications that are given to you? You are given here 5 statements, 5
specifications. The first thing we have to do here is we have to convert this thing into an
abstract argument form or sorry in the form of compound propositions. So for that we will
introduce variables to represent the various statements here. So let p represent the statement

the system is in multi user state and let q represent a statement it is operating normally.

So the first statement is a form of if and only if, that means bi-implication. So the first
statement can be represented as p «» q then the second statement or the specification requires
two new variables q and r. So let q represent the statement proposition the system is operating
normally and let r represent the proposition the kernel is functioning. Then the second

statement is a form of if-then statement which can be represented by q — r.

Then the proposition kernel is not functioning can be represented by — r because I have
already used the variable r to represent a statement the kernel is functioning. So the kernel is
not functioning will be represented by negation of r but I have to introduce a new variable to

represent proposition the system is in interrupt state because I have not encountered it earlier.

And this is a disjunction because it is an or statement. So this statement can be logically
represented as distinction of — r and s. I do not need any new variable for the fourth statement
because | have already used a variable p to represent the proposition system is in multi user

state, so system is not in the multi user state will be represented by — p.

77



And I have already used variable s to define, represent a proposition the system is in an
interrupt mode. So the system is in interrupt mode will be represented by s and this is an if-
then statement so it will be = p — s. And the last statement is the system is not in the
interrupt mode. So system is an interrupt mode is represented by s. So this statement will be

represented by negation of's.

So now I have to verify whether all this 5 compound propositions can be satistied
simultaneously. So if at all negation of s has to be true, that means the variable s should be
false. Now if variable s is false and I want this implication — p — s to be true that is possible

only if p is true otherwise I will not be able to satisfy the statement = p — s.

Now since s is false in order to satisfy this disjunction namely the disjunction of —r and s, my
r has to be false because if r is true and s is also false, then this disjunction can never be
satisfied, so my r has to be false. Now my r is false then in order to satisfy this proposition q
— 1, my q has to be false because if q is true and r is false then this proposition ¢ — r can

never be satisfied.

And now if my q is false, then this bi-implication p <> q can be satisfied provided, p is false.
But here is a contradiction. In order to satisfy = p — s, my p should be true but in order to
satisfy p <> q, my p should be false. But p cannot simultaneously take the value true as well
as false that means I can conclude that there is no possible truth assignment for p, q, r and s,
which can simultaneously satisfy or ensure that all the five statements here are true that
means this system specification is not consistent. You cannot have a system where all this
five conditions simultaneously, hold. The similar exercise you can do for the part b of
question five. You are given a set of statements about a system namely a set of specifications
and you have to convert those specifications into compound propositions and then you have
to check whether the conjunction of those compound propositions is satisfiable or not.

(Refer Slide Time: 21:00)
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Q6(a) and Q6(b)

) AN W,
Uis(p-=1)A(q = 1r)logically equivalentto (pV q) = r?  Yes

— e
(Pp=1)A@=1r)E(=pVr)A(aqVT) [p=4q) =(=pVQq)

E(apA=q)Vr // By distributive law
= vr By De Morgan's la
@ L // By De Morgan's law
s(pVq)=r ESan [[(=pVq) 2(p=4q)

——— £ (h‘) "3

Qis(p = q) = rlogically equivalentto p = (q = 1)? No
* Consider the case whe
@og)sr=Eab)F p=(q=r)=F-(F-F
=T-F =F-T¢
2 =F =T

Ok now let us go to question 6, we will discuss part a and part b of question 6. Part a of the
question is we have to verify whether the conjunction of p — r and q — r is logically
equivalent to the implication p or ¢ — r. So again you can use truth table method you can
draw the truth table for that LHS part here, you can draw the truth table for this RHS part and

then check whether both the truth tables are same or not.

We will not do that we want to apply various identities, rules of inferences and so on. So
what we will do is we start with the LHS namely p — r conjunction q — r. Somehow I will
try to bring it into my RHS part. So what I can do is I can replace thisp — rby “porr

because I know that p — q is equivalent to the disjunction of — p and q.

And the same rule I can apply here for converting q — r into a disjunction of — q and r. Now
what I can do is. I can apply the distributive law and simplify the conjunction of these two
clauses I can bring it into this form. Because if indeed I apply the distributive law the
disjunction goes inside and r also goes once with — p and once with — q. Now what I can do is
I can apply the De Morgan’s law and write this conjunction of — p and — q in the form of

negation of this whole disjunction.

And then again, I can apply this law namely, — p or q is equivalent to p — q here. So you can
imagine that, this whole thing is some s and r. So this is the form of — s or r and this is
equivalent to s — r and then you can substitute back s to be p or q. And what is this? This is

nothing but your RHS that means starting with LHS by keep on simplifying it we can convert
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it into our RHS form and hence I can conclude that my LHS and RHS are logically

equivalent.

The second part of this question is we have to verify whether (p — q) — r is logically
equivalent to p — (q — r). So I have explicitly added the parenthesis here. Because the
parenthesis says in what order the implication is going to be applied. It turns out that these
two statements are not logically equivalent and we can prove it by a counter example namely
we can give we can demonstrate a truth assignment when for that particular truth assignment

the two statements take different truth values.

There could be many such counter examples, if at all you want to show that the two
statements are not logically equivalent, even if you show one of the counter examples that is
sufficient. So the counter example or the truth value that I will demonstrating here is when p
q and r all takes the truth value false. In that case, the left hand side part namely p — q — r

will be considered as false implies false and then that implies false.

But false implies false is true and true implies false is false. So that means for the truth
assignment that I have considered here, this implication is going to take the value false. Now,
what about this implication; this implication is p — q — r. So p is false and q — r is this false

implies false. The false implies false is true and false implies true is true.

That means what I have demonstrated here is that for the truth assignment when p, q and r are
all false the two expressions have different truth assignments or truth values. One of the
expressions takes the value false the other expression takes the value true and hence they
cannot be logically equivalent because as per the definition of logical equivalence both of

them should have the same truth value.
So I am leaving the other parts of question 6, you can verify similarly whether the two

statements are logically equivalent or not?

(Refer Slide Time: 26:00)
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Q7(a), Q7(b) and Q7(c)

Dual of a compound statement s --- denoted by@

% Allinstances of A in s replaced by V “ Allinstances of T in s replaced by f

 All instances of Vins replaced by A % All instances of_f in s replaced by T

U Find the dual of pVaqVar e PA=GA AT

e e Jey B
U Findthe dualof (pVVI)AS  wo(pAgAT) VS a A
S:

U Find the dualof (PAF)V(qAT) = (pVT) /\(q\?F) \’ S: 1}’

O When does s* (E)s hold? - only when s is a[single literal) other than T or F

% If s has any occurrence of V, A, TorF, then the process of forming dual will change s

U Show that (s*)" = s

% Taking dual twice makes every V=A-V, every A-V-A, every T - F = Tand
every F=»T=F

So let us go to question 7, in question 7 we are defining a concept which we call as the dual
of a compound proposition. Dual of a compound proposition is denoted by this notation s*
and what exactly is the dual? How do we construct a dual of a compound proposition? What
we have to do is wherever we have an occurrence of conjunction in s we replace them by a

disjunction.

Wherever there is a disjunction we replace them by a conjunction. Wherever there is an
occurrence of the constant true, we replace them by constant false and wherever there is an
occurrence of false I replace them by constant true. If you apply these 4 rules throughout the
expression s then the resultant expression that you obtain is called as s*. So the first part of
the question is you are given some statements and you have to construct their duals. So here

is one of the compound propositions.

So what I have to do is remember while forming the dual I do not change the literals, the
literal remains in their original form. I just have to change the conjunctions and disjunctions
and the constants. So this distinction becomes conjunction and this disjunction becomes
conjunction that is all. This will be the dual. In the same way the dual of the second statement
will be this disjunction goes to conjunction, this disjunction goes to conjunction and this

conjunction goes to disjunction.
The third statement you have now some constants also involved. So the conjunctions and

disjunctions are converted vice versa and now you have false getting converted to true and

true getting converted to false, that will be the dual. Now the b part of question 7 was you to
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ask the following it says when is it possible that the dual of the statement is exactly equal to

the original statement?

I stress I am asking here exactly equal that means structurally, formula wise it is exactly the
same proposition as the original proposition I am not saying logically equivalent and answer
is very simple its, s* will be equal to s only when s is a single literal and that too different
from the constants true or false, why so? Because if the compound proposition s has any
occurrence of conjunction, disjunction, constant true, constant false then when you form the

dual of that statement you will get a different expression.

Because all the conjunctions will be replaced by disjunctions, disjunctions by conjunction,
true by false, false by true and so on. But if your statement s is, a statement just a single
literal say p or say if s is equal to — p then in that case s* will be same as your original s. For
all other cases s* can never be equal to s. The third part of question 7 ask you to show that if
you take the dual of a statement and then again take its dual you will get back the original

expression and it is very simple.

Because if you take the dual twice then when you are taking the dual first time all the
disjunctions get converted to conjunctions and then again when you take the dual second time
conjunctions are converted back to disjunctions. The same thing happens for conjunctions
when you take the dual first time they get converted to disjunctions and again when you take

the dual second time they get converted to conjunction.

Similarly if you have any occurrence of constant true first time when you form a dual they
get converted to constants false and again when you take the dual they get back to constant
true and similarly for false this is very straightforward.

(Refer Slide Time: 30:41)
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Let I’@Q, where both P, Q contains only the operators A, Vand = - Show that P* = Q*

U Since P = (, we get lha
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* The resultant expressions are still logically equivalent, since =P = =
M e

* But the resultant expressions are nothing, but P* and Q" respectively
b -

The last part of the question 7 is the following. You are given two compound propositions P
and Q and they are logically equivalent it is given to you and it is also given that P and Q
contains only conjunction, disjunction and negation there is no occurrence of implications
and bi-implication. No occurrences of implication, bi-implication. In that case, we have to

show that the dual of P and dual of Q are also logically equivalent.

So here is how we can prove that. So since P and Q are logically equivalent their negations
also will be logically equivalent because if the negation of P and negation Q are not logically
equivalent that means they take different truth values then how can it is possible that P and Q
are logical equivalent. When I say P and Q are logically equivalent that means they take the

same truth value.

Whenever P is true Q is true whenever P is false Q is false. That is a definition of logical
equivalence. Now what I can do is let me apply the De Morgan’s law both to the expression
(— P) as well as to the expression (— Q). In this process what will happen is the following : all
the occurrences of disjunction gets converted to conjunction all the occurrences of
conjunction gets converted to disjunction all occurrences of constant true get converted into

false and similarly all occurrences of false get converted into constant true.
This will be effect of applying the De Morgan’s law and remember the — P is logically

equivalent to — Q then even after applying the De Morgan’s law to — P and — Q the resultant

expressions will remain the same because I am not doing anything fancy here. I am just
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applying some standard identity even after applying De Morgan law, — P will be equivalent

to— Q.

But the next thing that I do is, in — P and in — Q each occurrence of the atomic proposition p;
or a literal p; is replaced by negation of that literal. That means wherever you have an
occurrence of small p, in p and q you replace them by — p and you do this both in negation of
P as well as in negation of Q, right. In the same way wherever you have an occurrence of
negation of propositional variable p in this expressions negation of p and negation of q you

replace them by positive p.

Now, if you closely observe what we have done is by applying the De Morgan’s law and by
replacing small p by this negation of small p and by negation of small p by positive p we
have obtained expressions which are P* and Q* and throughout this process the logical
equivalence of my LHS part and RHS part is maintained. Because I started with two logical

equivalent statement P and Q their negations will be logically equivalent.

Then individually if I apply the De Morgan’s law in the — P part and — Q part the resultant
expressions will be still logically equivalent and now if I apply this substitution of replacing
each atomic proposition by its negative form simultaneously in the left hand side part and in
the right hand side part the resultant expressions will be still logically equivalent. But in this
whole process starting with P and Q, I have got down P to P* and Q to Q* and the logical
equivalence of both the LHS part and RHS part is retained.

And that shows that if you start with two logically equivalent statement and if you take their
duals, their duals also will be logically equivalent and this is a very powerful result because
what it says is that if you have some well known identity established with respect to P and Q
then the same law is applicable even for P* and Q* namely if you have proved a law say law

X. I do not know what, law X could be anything.

This says that hey expression P is equivalent to expression Q then you can get another form
of the law X where you say that P* is equivalent to Q*. You do not have to separately write
down as law X.2 or law X.3 for the dual part. It comes automatically for free because of this
result that the dual of two equivalent statements are also equivalent. So with that, I conclude

the first part of tutorial 1. Thank you.
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