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Module No # 07
Lecture No # 35
Solving Linear Homogenous Recurrence Equations — Part [
Hello everyone, welcome to this lecture on solving linear homogenous recurrence equations part
l.
(Refer Slide Time: 00:27)

Lecture Overview

. Solvingfnear homogeneaus ecurrence equation

o The case of nonrepeated characteristic roots

So just to quickly recap, in the last lecture we discussed how we can solve counting problems by
formulating recurrence equations and we also started discussing about how to solve the recurrence
equations. Because when you want to count certain number of things using recurrence equations
then there are two parts. First thing is formulating the recurrence equation and the second thing

will be finding the closed-form formula or the solution for the recurrence equation.

Because, until and unless you do not have a closed-form formula you may not be able to come up
with a solution. You have to solve the recurrence equation. So we already discussed the iterative
method in the last lecture. In this lecture, we will continue our discussion on solving linear
homogenous recurrence equations. And we will discuss one category, namely when we have non-
repeated characteristics roots.

(Refer Slide Time: 01:27)
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Linear Homogeneous Recurrence Equations of
Degree k with Constant Coefficients

Q Generic form:
/ /
hn = Clp-1 + Colp—p + Cl\kn—k

€1, -, C are real numbers, wit@@

QExfi=fratfoa &
0 Ex a, = ap_y +a,_*

* Non-linear %
Qh,=2h,_,+1 .

+ Non-homogeneous /-

So just to quickly recap, what exactly are linear homogenous reference equations of degree k? The
general form is a, = ¢1a,_1 + €3a,_5 + -+ + CrApn_k. You have an infinite sequence where the
n-th term of the sequence depends upon the previous k terms i.e., a,, is always dependent on a,,_y,
or in other words ¢, # 0. The recurrence equation for the Fibonacci sequence is an example of

linear homogenous equation.

a, = a,_, + a*_, is a non-linear equation and h,, = 2h,,_; + 1 is a non-homogenous equation.
So we are interested to come up with the general method for solving recurrence equations of this

type.
(Refer Slide Time: 02:25)
Linear Homogeneous Recurrence Equations of
Iaegree@with Constant Coefficients
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* Exact values of a;, @, can be obtained from the initial conditions
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So, I will first demonstrate the process assuming that we have a linear homogenous recurrence
equation of degree 2. When I say degree 2 that means the n-th term of that infinite sequence which
I am interested to find out depends upon the previous two terms, namely, it depends on a,,_; and

a,_, where ¢, # 0. ¢; can be 0 but ¢, definitely cannot be 0.

And you may or not may not be given initial conditions. So again, recall in the last lecture we
discuss that if you are not given initial conditions then there could be multiple number of sequences
or solutions satisfying the recurrence condition. Because since the initial conditions are not given
you are free to put any value as the initial condition; any term as the initial condition. And if once

you freeze that initial conditions, that determine what will be the remaining terms of the sequence?

So in this case I am assuming that you are given the initial conditions. Say the initial conditions
are ap =V, and a; = V;. So the first step here will be to construct what we call as characteristic

equation and the characteristic equation will be an equation in an unknown r.

So r is an unknown variable here whose value is not known. This characteristic equation will be a
quadratic equation in 7. Why quadratic? Because right now we are considering degree 2 recurrence
equations. And the form of the characteristic equation will be 72~ ¢;7- ¢, = 0. So that is why it is

important that your recurrence condition should be of this form.

Now since this is a quadratic equation, we will have 2 roots for this equations. So I call those roots
as r; and r, and those roots are called as characteristic roots because they are the roots of this
characteristic equation. Now there could be 2 possibilities: the roots r; 1, and are distinct or r; =
1, and they could be the same. When I say non-repeated I mean the former case where the roots 7

and r, are different.

So once you have solved the characteristic equation you will have the value of the characteristic
roots and you can check whether you are in this case or not. Now if you are in this case then we
can prove that any sequence which is the solution of the recurrence equation that is given to you

will be of the form oy r{* + a,r3'.
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So for the moment imagine that you are not given the initial conditions. You are just interested to
find out one possible sequence satisfying the given recurrence condition. Then what this theorem
says is, any infinite sequence whose n-th term satisfies this recurrence condition will have its n-th

term of the form a; * r{* + a, * r3* for some arbitrary constants a; and .

That is what the theorem says and now if you are given this initial conditions that means you are
interested to find out the sequence whose initial terms are V,, and V; as well. Then the exact values
of this constants a; and a, can be obtained by utilizing the initial conditions.
(Refer Slide Time: 06:59)
Linear Homogeneous Recurrence Equations of
—Degree 2 with Constant Coefficients ,
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So, let us first prove this theorem statement here. So what are the things which are given to you?
Your goal is to find out an arbitrary sequence whose n-th term satisfies this recurrence condition.
You have found the characteristic equation, you solved the characteristic equation and the roots
are distinct. Our goal is to prove that you any arbitrary sequence whose n-th term is of the form

a, = a;11" + a,ryt where a; and a, are constants, satisfies the given recurrence condition.

So let us prove that. And this is true irrespective of the initial conditions i.e., irrespective of the
initial conditions the n-th term of that sequence will be of this form. So let us prove that and the

proof is very simple.

So, what is the n-th term of the arbitrary sequence that we are considering? Or to put it another

way, our goal is to show that if the n-th term is of this form then this recurrence condition is
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satisfied. So let us prove that whether indeed it satisfies this recurrence condition or not. So what
is the recurrence condition? The recurrence condition says that ¢;a,,_4 + c,a,_, (Where a,,_; and
a,_, are the (n — 1)-th and (n — 2)-th terms of the arbitrary sequence respectively) should be

equal to the n-th term of this arbitrary sequence. That is what we have to prove.

By substituting n - 1 in this formula we obtain that the (n - 1)-th term will be a; 7" + ot
And its (n-2)-th term will be a; "2 + a, 74 2; again, just obtained by substitutingn = n - 2

in the formula for the n-th term of the sequence.

Now we will solve it. So we will rearrange the terms and after rearranging the terms we get
o1 % ey + ¢ + a2 [cyry + ¢,). And now what we are going to do is, we are going to
utilize the fact that r; and r, are the roots for this characteristic equation. That means both r; as
well as 7, satisfies the condition 72 — ¢;7 — ¢, = 0. That means - ¢;1;,- ¢, = 0 or in other words
rZ = ¢;11 + ¢,. So that is why I can substitute this part by 7 and similarly your 7, also satisfies

the characteristic equation.

So we also have rZ- ¢;7,- ¢, = 0 which in other words implies ¢;7, + ¢, is 7:2. So by substituting
this we get oy 17" + o, 75'. And what is this? This is nothing but the n-th term of the arbitrary
sequence. Thus we have proved part 1. So we have shown that you take any arbitrary sequence, if

its n-th term is of this form then definitely that satisfies the recurrence condition.

Now, any value of the constants a; and a, will give you a sequence which satisfies the given
recurrence conditions. So I can have (a;, a,) = (1,1) and that will give me one arbitrary sequence
satisfying the given recurrence condition. I can put (a5, ;) = (0,0) and that also will be satisfying

the recurrence condition and so on.

In fact the arbitrary sequence where all the terms are 0, trivially satisfies the recurrence condition.
But we are not interested in such trivial solutions. So this proves the theorem in one direction. That
means you know how to find out at least one sequence satisfying the recurrence condition. But the
theorem statement is an if and only if statement. It basically says that if at all there is a solution,
then it has to be of this form where the n-th term is some constant times 77" plus another constant

times 775'.
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We had shown right now that you give me a sequence whose n-th term is of this form, namely
a1t + ayryt, it will satisfy the recurrence condition. But now I want to prove the other way
around, that if at all there would have been a solution, the structure of the n-th term of that solution
will be constant times 7{* plus another constant times 75"
(Refer Slide Time: 13:19)
Linear Homogeneous Recurrence Equations of
Degree 2 with Constant Coefficients
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So that will be the part 2 of the proof. So now, here we are assuming that suppose there is some

solution satisfying this recurrence condition and the initial conditions that are given to you then
we want to prove that this n-th term of the sequence is of this form for some constants o; and a.

And the proof strategy here will be as follows.

We will first prove that you take another sequence different from the sequence that we are

considering right now or the solution that you are considering right now. So I am taking some

another sequence whose n-th term is of the form 4, = [Vl—virz] r+= [@] ry'. Then I will
-T2 1—72

show that this satisfies not only the recurrence condition but also the initial conditions. The above

claim automatically implies that the n-th term of the arbitrary solution we are considering is of the

Vi—Vors Vori—V1

and a, = " And why so0?

form oy 17" + o, 73 where the constants oy =
r-rz -T2

This is because I cannot have two different arbitrary sequences satisfying the same recurrence

condition and having the same initial conditions. As per my claim, I have one sequence satisfying
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the recurrence condition as well as the initial conditions. And I am also given another sequence
whose structure I do not know; whose a,, I do not know, which also satisfies the recurrence

condition as well as the same two initial conditions.

Then as we discussed in the last lecture, if I want to satisfy simultaneously the initial conditions
as well as the recurrence conditions then there can be only one possible sequence, you cannot have
multiple possible sequences whose terms are different but they are satisfying the initial conditions
as well as the recurrence conditions. That cannot happen. Because if the initial conditions of the
two sequences are same then that automatically implies that all the following terms of the

sequences are also going to be the same, because both of them satisfies the recurrence condition.

So assuming my claim is true, I end up showing that the arbitrary solution whose n-th term I do

not know is of this form: constant times r{* plus constant times r,'. Because as per my claim there

is another sequence whose n-th term is [w] rit+= [M] Ty

ri—1r r1—72
By the way the reason I am highlighting this (r;- 1) here in the denominator is that these constants
oy and a, are well defined even though in the denominator I have (r;-13). This is because I am
considering the case where r; and r, are distinct and if ; and 7, are distinct their difference will

not be 0. That is why constant a; and a, that we are considering in this proof are well defined.

So what is left now? We have to now show this claim. We have to prove that this claim is true.

(Refer Slide Time: 17:32)
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Linear Homogeneous Recurrence Equations of
Degree 2 with Constant Coefficients

— = o "2 " =
Ay = C1ap-1 + Coln—; ap =V =V ré—cr —c, =0

Q Theorem: Let 1, # r,. Then a sequence {...., a,, ... } is a solution of the
recurrence equation if and only if a,, = a;r," + a,r,", for constants ay, @,

Q Proof (Part ): f ., (@) .} isaf arbitrary so{g;@of y = €0y + Cylly_y)
withay =Vyanda, =V, = a, = ;" + a,r,", for constants a;, a,
% Any = Piri™ + Bor,"} satisfies the recurrence condition

* For satisfying the initial conditions, Ay = Vy and A, =V,
A(\ = C. Ar\_l k= C_}A(\—Q,

So let us prove this claim. So here we are given some arbitrary solution for the recurrence condition
as well as satisfying the initial condition. We have to prove that if that is the case then the n-th
term of that arbitrary solution is of this form. For that, we first observe from the proof of the part
1 of this theorem that any sequence, irrespective of the initial conditions, whose n-th term is of the

form A, = B177* + B,1yt where B; and B, are constants always satisfies the recurrence condition.

This is what we proved in the proof of part 1. We use A to differentiate from the sequence whose
n-th term is a, i.e., the sequence whose n-th term is A,, is different from the arbitrary solution

whose n-th term is represented as a,,.

We know that this satisfies the recurrence condition. That means we know that A,, = ¢;4,,_1 +
c3A,,_,. The proof is similar to that of part where we utilized that r; is a characteristic root, 1, is a

characteristic root and substituted 7 with ¢; * ; + ¢, and so on.

(Refer Slide Time: 19:59)
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Linear Homogeneous Recurrence Equations of
Degree 2 with Constant Coefficients

_ i 2 . _
an = C1ap-1 + G- a‘,—@ a 3@ ré—cr —-c;=0

O Theorem: Let 7, # r,. Then a sequence {...., a,, ... } is a solution of the
recurrence equation if and only if @, = a;1y™ + a,1,", for constants ay, @,

U Proof (Part Il): If {. Q% }is an arb|trary soluho})f Ay = C10y_q + Co0p_3,
with ay =V, and a DA, = 011r1 Fayr,", for constfnts ay, a;

& Any. Piry™ + Bory"} satisfies the recurrencilndltlon %An;z/

% For satlsfylng the |n|t|al itions{ Ay = V,Jand\4

X AO = VO @ R [)’ V1 VUTZ Vorl Vl

"Al 7'1+(>TZ Nn= \@ _72 7 _72
Now, if [ want to find out the initial terms of that A series we would like that A, =V, and 4; =
;. If that is the case, then I get 2 equations in 3; and ,. How? If I substitute n = 0 here, I get 1

equation, and if I substitute n = 1 here, I get another equation. So now what are the things known

to me? V,, and V; are already given to me because they are the initial conditions.

B1 and B, are the unknowns. And r; andr, are known to you. So you have now two equations in
2 unknowns and you can solve them and get the value of 3; and 3,. That means I have now formed
a concrete sequence, namely the A sequence, whose n-th term is A, = B7{* + B,r3'. | know it

satisfies the recurrence condition.

And I also know the values of [; and 3, for which this A series will satisfy the given initial
conditions, namely I know the values of 3; and 3, for which A, would have given me V,, and A,
could have given me V;.

(Refer Slide Time: 21:58)
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Linear Homogeneous Recurrence Equations of
Degree 2 with Constant Coefficients
Qy = C10p-1 1 Crly9 ay =V, a =W 7= ar —c=0

Q Theorem: Let r;, # r,. Then a sequence {...., a,, .... } is a solution of the
recurrence equation if and only if a,, = a;r;"™ + a,r,", for constants ay, @,

Ve Ll
Q Proof (Part I1): If {...., @y, ... }isan ?rbitrary solu@fan = 01 + Cylp—3,
withay = Vyand a; = V1 > ay = ozlr1 T+ aer for constants a;, @,

\% The sequence {... [v‘ Vara) ”+[V"" V‘] "/...} satisfies the

N
g recurrence condﬂm%weﬂ-arﬂw‘m‘t‘éf conditions \Ja, \
. 7 0N
& {.......,}:{___,,@___,} A, = 0y
» Fo

ows from strong induction

So our goal was to prove this claim; and we proved it. We proved that indeed any A sequence, a
sequence whose n-th term is this, satisfies the recurrence condition as well as the initial conditions
Vo and V;. What this means? This means that now I have 2 different sequences, A sequence
satisfying the recurrence condition as well as the initial condition. And arbitrary solution which I

assumed satisfying the given recurrence condition as well as the initial conditions.

And now both these 2 sequences are same because as | said earlier I cannot have 2 different
sequences with the same initial condition but different n-th term simultaneously satisfying the
recurrence condition. It is possible to have two different sequences A and B if we do not put the
restriction that their initial conditions are the same. But I cannot have 2 difference sequences A
sequence and B sequence whose n-th terms are different while satisfying the same recurrence

conditions with identical initial terms.

We have two sequences satisfying the recurrence condition and both of them are satisfying the
initial conditions. That is possible only when A,, = a,,. That means the arbitrary solution that you
considered here, it is of the form some constant times 7{* plus some constant times r;'. Because
that is the term of this A sequence. So that completes the proof for the part 2 here.

(Refer Slide Time: 24:32)
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Linear Homogeneous Recurrence Equations of
Degree@with Constan/th,Qeﬁiciments\

C»\ ’1# 0 C
Ap = C1lp-q1 t Colp_p + -+ + Cpllpg K 0=V a;= Vl vy Qg = Vk—ll

O Step I: Form the characteristic equation

’.I\' . Cll'k_] = =

0 Step II: Find the characteristic roots, say r;, 7, ..., 7y

3\5*““} ~OHS
Q Theorem: Letr, # 1, # - # ;.. Then a sequence {...., ....} is a solution if
andonlyif a, = ayny™ + @™+ + ayn,", for constants ay, @, ..., @

* Exact values of &, @, ..., @, can be obtained from thelinitial condition
K

Till now, we focused on the case of degree 2. Now we will try to extend or generalize this theory
for the case of degree k linear homogenous recurrence equations. So remember the degree k
equation, the general formula is this where ¢, is not allowed to be 0. And you may or may not be
given the initial conditions. If you are not given the initial conditions then you will stop with

showing the closed-form formula for the n-th term in terms of some arbitrary constant.

Those constants you can put as any constant. But if you are given the initial conditions as well
then you can solve and find out those concrete constants. So, what will be the process in the general
case? We will first form a characteristic equation; this will be a degree k equation. Next we will

solve it and find out characteristic roots. Let us denote the characteristic roots by 74,75 ... 7%.

Now there could be multiple cases. The case that we considered when k was 2 and that we are
going to consider in this case, is the case of distinct roots. Namely, when all your k characteristic
roots are different. Then extending the theorem that we proved for the case of k = 2, we can
show that any sequence which satisfies this recurrence condition will have its n-th term of the

following form.

Some constant times r{* plus another constant times r;' and continuing like that some constant
times 7. This will be the general form of the solution satisfying the recurrence condition. The

exact values of these constants a4, a, ... a; can be obtained from the initial conditions.
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So if you are given the initial conditions then by substitutingn = 0,n =1 ..n =k — 1; we will
get k equations. In this, k unknowns a; to o and then we can get the concrete values of the
constants a; to ay. But if you are not given the initial condition then the only thing that we can do
is we can just find out the general form of the solution. It is up to us what constants ay, o, ... 0
we substitute. That will determine the sequence satisfying the given reference condition. But if
you want a unique condition then you also need to have the initial conditions available.

(Refer Slide Time: 27:43)
Linear Homogeneous Recurrence Equation : Example

O Find an explicit formula for the Fibonacci numbers
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So now let us see an example where we will apply the method that we had discussed. We now
want to find out an explicit formula for the n-th term of the Fibonacci sequence. So just to recall,
the n-th term of the Fibonacci sequence is the following. Then n-th term depends on the previous
2 terms and the initial conditions are this. So the first step will be to find the characteristic equation

soherec; =1andc, = 1.

So that is why our characteristic equation will be 72 — r — 1 = 0. Now if I solve the characteristic
equation and find the characteristic roots then I see that I obtain 2 distinct roots. That means I can

apply the theorem that we have discussed in this lecture. What I will say is that the n-th term of

n n
any sequence whose n-th term is of the form f, = oy [1+2\/§] + oy [1_2‘/5] will satisfy the

recurrence condition.
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Now whatever value for a; and a, I substitute that will determine a different Fibonacci sequence.
If someone just gives me the recurrence condition and not the initial conditions, and asks me to
find out a sequence satisfying this recurrence condition, I can say that any sequence whose n-th

145
2

n n

. -5 : .
term is f, = a4 [ ] + a, [%] for any value of the constants a; and a, will satisfy the
recurrence condition without worrying about what are the first 2 terms. But in this case, [ am given
the initial conditions. So if [ am given the initial conditions, I will utilize them to find out exact

value of a; and a, which is consistent with the initial conditions of actual Fibonacci sequence.

So I am interested to find out the sequence whose zeroth term is 0 and the next term is 1. That
means | have to substitute n = 0 and n = 1 in this general formula. And then I will get 2

equations in a; anda, and by solving them I can get the exact values of my constants a; and a,.
They will be % and _T; And then I will say that here is the exact solution of the actual Fibonacci

sequence which satisfies not only the initial conditions but also the recurrence condition.

(Refer Slide Time: 32:00)
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So that brings me to the end of this lecture. These are the references for today’s lecture. Just to
summarize in this lecture we started discussing about how to solve linear homogeneous recurrence
equations of degree k. And we saw one of the cases, namely we saw the case where the
characteristics roots are distinct. In this case we saw how to find the characteristic root and if all

the characteristic roots are different then we know what will be the general solution and depending
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upon whether the initial conditions are available or not we can find out the exact solution. Thank

you.
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