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Lecture Overview

O Equivalence relation
*% Definition

*» Equivalence classes

Hello everyone, welcome to this lecture on equivalence Relations. And just to recap in the last
lecture we discussed some special types of relations like Reflexive Relations, Symmetric
Relations, Asymmetric relations, Anti Symmetric Relations, Transitive Relations. So, in this
lecture we will introduce a special type of relation called as equivalence Relation and we will see
the definition of equivalence classes.
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Equivalence Relation : Formal Definition

U Arelation R over a se@is an equivalence relation if:
% Ris reflexive

Ya:(a €A - (a,a) €R)istrue

% Ris symmetric

Va,b:[(a,b) ER - (b,a) € R]is true

% Ris transitive

Va,b,c:[(a,b) ERA(b,c) ER - (ac)ER]

So, what is the formal definition of an equivalence relation? It is a relation R over a set A which
satisfies three properties namely the relation should be reflexive, the relation should be symmetric
and the relation should be transitive. It should satisfy all these three properties. If any of these three
properties is not satisfied, the relation will not be called as an equivalence Relation.

(Refer Slide Time: 01:11)

Equivalence Relation : An Example s
o Cp\\?’\/\)(f\f/)
Q Relation R over the set of Integers@ a ﬂ@,b (mod@), i

®= {(@b):aBb (mod m)} > foud [amod m] = [b mod m]

h ~ n
[(@ -b)ymodm] =0

Q Is R reflexive ?
@5@(mod m), for every integer a

e

U Is R symmetric ?
“let(@b)eR = a=b(modm) = [amod m] 3 [bmod m]

> [bmodm] = [amodm] = b=a(modm) = ba)ER

So, let us see an example. So, I define a relation over Z here and by relation here is that an integer

a will be related to integer b if a = b mod m.

We say an integer a and integer b are congruent, they are congruent with respect to modulo m if

the remainder which I obtained by dividing a by the modulus m is exactly the same as the
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remainder which I obtained by dividing b by the modulus m. So, m is the modulus here. I mean
the divisor and you are dividing a by m and b also by m, and if you get the same remainder, then
we say that a and b are kind of equivalent in the sense they have the property that they give you
the same remainder when divided by this modulus m.

R ={(a,b):a = b mod m},

Where m is a fixed modulus.

If a = b mod m,— (a — b) is completely divisible by m, it gives you 0 remainder.
Ifa=rmodmandb =rmodm,— (b—a) = (r —r)mod m = 0 mod m.
Now my claim is that this relation R is an equivalence relation. It satisfies the property of reflexive

relation, Symmetric relation and transitive relation.

So, let us prove that so is the relation R reflexive? Answer is yes. Because, (a — a) = 0 mod m.
You divide a whatever remainder you obtain by dividing a by m the same remainder you obtained

by dividing a again by m. So, in that sense a is always congruent to a modulo m.

The relation R is also symmetric, we can prove that. For proving the symmetric property, [ assume
that consider an arbitrary pair of integers (a, b) where a = b mod m —» b = a mod m.

So, what I have proved here is (b, a) is present in the relation R. That means the integer b is related
to the integer a as per my relation R. So, what I have proved is starting with the premise that (a, b)
is present in the relation R. I can conclude that (b, a) is also there in relation R. That proves my
relation R is symmetric.

(Refer Slide Time: 05:09)
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Equivalence Relation : An Example

O Relation R over the set of Integers Z U a = b (modm), if
R ={(a,b):a = b (mod m)} [amod m] = [bmod m]

~

[(a - b) mo~d m] =0

U Is R transitive ?
% Let (%)), (-bcﬁ) ER

% Since (a,b) ER = a - b = qym, for some integer g

0
0y . + . .
% Since (b,c) ER = ?;_c = g,m, for some integer g,
% Hencea—c = qm, where q = q; + ¢,

2[(@-c)modm]=0 =a=c(modm) = (ac)€R

Now let us prove that the relation R is transitive as well. So, for proving the transitivity property I
have to show that, if I have a related to b in my relation and b related to ¢ in the relation, then I
have to show that the integer a is related to integer c. And I have to show this for any arbitrarily
chosen a, b, c. So, since a is related to integer b, that means a is congruent to b or equivalently (a

—b) is completely divisible by the modulus m.

So, I can say that a - b = q; - m. In the same way, since the integer b is related to integer c, that
means integer b is congruent to integer ¢ or equivalently b - ¢ is completely divisible by m. Or in
other words b — ¢ = g, - m. Now what I can say here is if | add these two equations here, I get
that a - ¢ = (q; + q2) - m . That means a - ¢ is completely divisible by the integer m, which in
other words means that a = ¢ mod m. That means the integer a is related to integers c. And that
proves that your relation R is transitive as well.

(Refer Slide Time: 06:47)
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Equivalence Classes

Q If R is an equivalence relation over@andg € A, then equivalence class@is
the set of all elements from A, which are related to a through relation R

({a)= : (ab) € R}
X_\

QU [a] is non-empty, for every a € A

% a€ [a],as (a,a) € R, since R is reflexive

Q ExR={(ab):a=h (mod@} 0\72? 'E?\e set of Integers
% [0] = {.,—6,-3,0,3,6,...}
S=(-5-2147.) B=0=[3.
# 2= (-4-1258.) ¢ A==5].

So, that this is an example of an equivalence relation. So, now let us define equivalence classes.
Imagine R is an equivalence relation over some set A. And now consider an element a € A. Then
the equivalence class of A which is denoted by this notation you have the square bracket and within
that you have the element a. So, the equivalence class of [a] = {b: (a, b) € R}, consist of all the

elements from the set A which are related to this element a as per the relation R.

Formally, this equivalence class is a set it will be a subset of your set A. It will be having all the
elements b € A such that a is related to b. That is equivalence class of an element a. And now this
equivalence class satisfies some very nice properties. The first trivial thing to check here is verify

here is that you take the equivalence class of any element, it will be non- empty.

There will be at least one element which is always guaranteed to be present in the equivalence
class of any element a. And that element is the element a itself, a € [a]. Because the element a is
always related as per the relation R because the relation R is an equivalence relation and since it
is an equivalence relation it is reflexive. If it is a reflexive element, every element is related to

itself.
So, the element a will always be present in its equivalence class and hence a equivalence class A

will never be an empty set. Let me demonstrate what exactly equivalence class looks like with an

example. So, I consider this relation R over set of integers Z where an integer is related to integer
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b if a = b mod 3. So, m = 3 here, we already proved in the previous slide that this relation is an

equivalence relation.

So, what will be the equivalence class of 0? So, [0], so my a = 0 here, so equivalence class 0 will
have all the elements b, empty all the integers b such that 0 is related to those integers b. And it
easy to see that equivalence class of [0] will be 0, will have definitely 0. Because 0 is related to 0
because 0 is congruent to 0 modulo 3. And equivalence class of 0 will have 3, 6, 9 and these

integers because 0 is related to 3 and you have 0 related to 6 and so on.

In the same way you have 0 related to -3 you have 0 related to -6 and so on. Because 0 is congruent
to -3, 0 is congruent to -6 modulo 3 and so on. So, [0] = {..., =9, —6,—3,0,3,6,9, ... }. all the integer
multiples of 3. What about [1]? Definitely the element 1 will be present in the its equivalence

class.

And apart from that we will have the integers 4, 7, 10 and so on. And on the negative side we have
the elements -2, -5, -8 and so on present in the equivalence class of 1. Because all these integers
are related to the integer 1 as per the relation R. [1] = {..., —8,—5,—-2,0,4,7,10, ... }. In the same
way the [2] = {...,—7,—4,—1,0,2,5,8, ... }.

Now if you see closely here, it turns out that [3] = [0] = [—3] and so on will be the same. That
means the equivalence class of all the integer multiples of 3 will be same. In the same way the
[1] = [7] = [-5], any equivalence class of any integer of the form 3 k + 1 are same and so on.

(Refer Slide Time: 11:23)
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Equivalence Classes : Properties

Q Ex:R ={(a,b):a = b (mod 3)} over the set of Integers
e e
4 Relationship among [-3],[-2], [-1], [0], [1], 2], 3], 4], .... ?

** Two equivalence classes are either completely disjoint or the same

U Theorem: Let R be an equivalence relation. Then:

aRb o [d=[b]) e [an[b]#0

O We prove aRb & [a] = [b]

So, what we are observing here is that even though we have equivalence class of every integer
possible here. So, these are the various equivalence classes. And this is an infinite list. It turns out
that if we closely look here we find that the two equivalence classes in this sequence are either
same or they are completely disjoint. So, for instance, if I consider [0] and [1], there will be no
common element, there will not be any integer which is present simultaneously in [0] and [1] as
per the relation R. You cannot have an integer b such that b = 0 mod 3 as well as simultaneously

b =1 mod 3.

Whereas if you consider [0] here and [3], they will be exactly same. They will have exactly the
same elements. So, it turns out that this property that 2 equivalence classes are either completely
disjoint or they are completely same is not present, this property does not hold only with respect
to this equivalence relation, this special equivalence relation it holds in general for any arbitrary

equivalence relation which is a very interesting property.
So, more formally we can prove that if you are given any equivalence relation, any arbitrary
equivalence relation over an arbitrary set then a is related to b iff they are equivalence classes are

same and the equivalence classes as [a] = [b] if and only if [a] N [b] # ¢. Or in other words if

[a] N [b] = ¢, then [a] # [b].

And of course, we can prove we can apply the transitivity property and say that if a is related to b
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then [a] N [b] # ¢. So, there are 2 by implications involved here. I am going to prove one of the
by implications and I leave the proof for the other by implication, for you it is very simple, it
follows the proof of the first by implication. So, I am going to prove this by implication. I will
prove that if R is an equivalence relation and if a is related to b then [a] = [b].

(Refer Slide Time: 14:11)

Equivalence Classes : Properties
a Let@be an equivalence relation. Then aRb@ [a] = [b]

d Prooffo@réRb = [a] = [b] pe //N\
Q Given! 0 Goal: tg sh wthai.e. [a] € [b]and [b] < [a]
N

e

Similar proof for

[b] € [a]

2x€[b] =[a] S[b] /

Now since this is a by implication, I have to prove the implication in both the directions. So, I
prove the first implication in the forward direction namely I assume that a is related to b. And then
under this assumption I have to show that they are equivalence classes are same. So, since a is

related to b. So, this is what is given to me and my goal is to show that [a] = [b].

Equivalence class of a is a set, equivalence class of b is a set. So, | want to prove here that two
sets are equal. So, to prove that two sets are equal I have to show that they are mutually subsets of
each other. That is what is the definition of equality of two sets. So, proving that equivalence class
of a is equal to equivalence class of b boils down to proving these two things. That [a] S [b] and

vice versa, given that a is related to b.

And how do I prove that a set is a subset of another set? I prove it by showing that you take any
element x in the first set, it is present in the second set. So, I take an arbitrary element x belonging
to the first set here. The first set here is [a]. I have to show that the same x € [b] as well. How do

I do that? Since x € [a], I can say that (a, x) € R. That means a is related to the element x because
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that is what is the definition of [a].

Now, [ am also given that R is an equivalence relation and if R is an equivalence relation, then one
of the requirements from an equivalence relation is that it should be symmetric. And if relation R

is symmetric and if (a, x) € R, then (x,a) € R as well.

Now, I have (x,a) € R and as per my hypothesis here (a,b) € R. And since my relation R is
transitive, why? Because my relation R is an equivalence relation. The transitivity property ensures
that (x, b) € R. Now since (x, b) € R, I can again apply the fact that my relation R is symmetric

because it is an equivalence relation.

So, I get that (b, x) € R. And if (b, x) € R, then as per the definition of an equivalence class, the
element x € [b]. That means starting with the premise that x € [a], [ have shown that x € [b] as
well. Which proves that [a] € [b].

And I can apply a similar proof to show that [b] € [a]. So, you start with some arbitrary element
x € [b] and again applying similar steps that we have done here, we have used here. You can show
that the same element x € [a]. And that will show that [a] = [b].

(Refer Slide Time: 17:56)

Equivalence Classes : Properties

Q Let R be an equivalence relation. Then aRb & [a] = [b]

—_
Q Proof for [a] = [b] : 1

Q Given:[a] = [b] Q Goal: to shbw that aRb

* Let x be an arbitrary®lement, suich that x € [a]
= (a,x) € R, from the definitioh of [a]
= (b,x) € R,as [a] = [b] and hence x € [b]

= (x,b) € R,as R is symmetric

> (a,b) € R,as (a,x), (x,b) € R and R is transitive

So, that proves the implication in the forward direction this we have done. Now, let us prove the
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implication in the reverse direction. So, assuming R is an equivalence relation and assuming that
the equivalence class of a and b, are same I have to show that a is related to b. So, for this I start
with some arbitrary element x € [a] then as per the definition of equivalence class of a, it means

that a is related to x as per the relation R.

And since it is given that [a] = [b].That means the element x will be present in the equivalence
class of b as well. Then as per the definition of equivalence class, it means that x is related to b as
well. Since b, x is present in my relation, I can say that x, b is also present in my relation. Because

R is symmetric and why R is symmetric? Because my relation R is an equivalence relation.

Now I can apply the transitivity property here on (a, x) and (x, b). So, I have (a, x) present in the
relation I have (x, b) in the relation and by applying the transitivity property, I get (a, b) present
in the relation. So, that proves the implication in the other direction. Remember there is another
by implication which I am leaving for you to prove. And that will establish the theorem that we

have stated in couple of slides back.

That brings me to the end of this lecture. Just to recap, in this lecture we introduced the notion of
equivalence relation and we also introduced the notion of equivalence classes. We established
important property that the equivalence classes are either disjoint or they are completely same,

thank you.
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